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SOME RESULTS AND EXAMPLES OF THE f-BIHARMONIC MAPS ON 
WARPED PRODUCT MANIFOLDS 


ABDELHAMID BOULAL® | AND SEDDIK OUAKKAg ©} 


ABSTRACT. In this paper, we present some constructions of f-biharmonic functions on the 
warped product. We studied particular cases and we give some examples of f-biharmonic 


maps. 


1. INTRODUCTION 


The smooth map ¢: (M™,g) —> (N",h) between two Riemannian manifolds is said to 


be harmonic if it is a critical point of the energy functional : 
1 2 
E(e)=5 | |del"dvy. 
2 Ju 
@ is harmonic if it satisfies the Euler-Lagrange equation for the energy functional : 
T(¢) = Tr,Vd¢ = 0, 
T(@) is called the tension field of ¢. As a generalization, we define the bi-energy functional 


of d: 
Bx(0) = 5 | Ir(0) Pay. 
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@ is said to be biharmonic if and only if 
2 
72(0) = Trg (V*) 7(4) — Trg R (7($),dd)dd = 0. 


T2(@) is called the bi-tension field of ¢. 
Let f € C®(M) be a positive function, We respectively define the f-energy and the 


f-bienergy functional of ¢ by 
B/(0) = 5 |. flaeltav, 
and 
Ea(0) = 5 f flr) Pav, 


¢ is said to be f-harmonic if and only if 


T5($) = TrgV fr() = 9, (1.1) 


and it is said to be f-biharmonic if and only if 
2 
12,5 (0) =—Trg (V*) fr (6) — TrgR® (fr (9) ,d8) do = 0. (1.2) 


Tf(@) and 72, ¢(¢) are called respectively the f-tension and f-bitension field of @. Contrary 
to the fact that any harmonic map is biharmonic, an f-harmonic map is not necessarily 
f-biharmonic. By considering (M™,g), (N”,h) two Riemannian manifolds and a a positive 
function on M, we recall that the warped product of M and N noted by (M xq N,Ga) is 


the Riemannian manifold, where the Riemannian metric Gg is defined by 
Go (X,Y) = g (dx (X) dx (Y)) + (wom)? h (dn (X),dn(Y)), (1.3) 


for all X = (X1,X2),Y = (Y%1,Yo) eT (CT (MxN)), 7: Mx N — M andy: M x 
N —> N are respectively the first and the second projection. The Levi-Civita connection 
on (M x N,G) and (M xq N, Gq) are noted respectively by V and Vz the relation between 


V and V is given by 
VxY =VxY + Xi (Ina) (0, Y2) + Yi (Ina) (0, X2) — a?h (X2,Y2) (gradina,0). — (1.4) 


Similarly, the relation between the curvature tensor fields of (M xq N,G,) and (M x N,G) 


is given by 
R(X,Y) = R(X, Y) + (Vy,gradina + Yj (Ina) gradIna,0) Ag, (0, X2) 
— (Vx,gradlna + X, (Ina) gradlna,0) Ag, (0, Y2) 


— |gradIn al? (0, X2) Aq, (0, Y2), 
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where 
(X Ac, Y)Z = Ga (ZY) X — Ga (Z, X)Y 


for all X,Y,Z € T(T (Mx N)), where X = (X1,X2) and Y = (%1,Y2). In [12], The 
author studied the f-harmonicity on the doubly warped product manifold in order to con- 
struct a non-trivial f-harmonic map, he deals in particular with the case of projection. The 
author in [13] describes a new method for constructing f-biharmonic maps, this construc- 
tion allowed him to give some examples of f-biharmonic map. In [5], the authors studied 
f-harmonic morphisms which are a subclass of f-harmonic maps. In [4], the authors stud- 
ied biharmonic maps between warped products, in particular they gave the condition for 
the biharmonicity of the inclusion and of the projection. Our objective in this paper is 
to present the condition of f-biharmonicity using the warped product of two Riemannian 
manifolds. In the first part of this paper, we give the conditions for the f-biharmonicity of 
the maps ® : (M™ x, N",Ga) — (P?,k) and UV : (M™ xq N",Ga) > (P?,k) defined by 
® (x,y) = ¢(z) and W (x,y) = p(y) (Theorem[2.1]and Theorem|2.2), with this classification, 
we give some special cases and we construct an examples of f-biharmonic map. The study 
of the f-biharmonicity of the identity maps Id : (M™ x. N",Ga) — (M™ x N",G) and 
Id: (M™ x N",G) — (M™ x, N”, Gq) is presented in the second part of this paper (The- 
orem and Theorem (2.4), where we give some particular results and we construct some 


examples of f-biharmonic maps. 


2. 'THE MAIN RESULTS 


In this section, we consider {e;},<;<,, an orthonormal frame on M and {fj}, <j<n an or- 
thonormal frame on N. Then an orthonormal frame on M x,,.N is given by {(e;,0) , + (0, f;)}. 
As a first result, we will study the f-biharmonicity of the map ® : (M™ x, N",Gy) — 
(PP, k) defined by ® (x,y) = @(x). We start by calculating the f-tension field of ®. 


Proposition 2.1. The f—tension field of the map ®: (M™ xq N",Ga) — (P?,k) defined 


by ® (x,y) = (x) is given by 
Tf (®) = f (7 (d) + dd (grad ln f) + nd¢ (gradlna)) , (2.5) 


where @: (M™,g) —> (P?,k) is a smooth map. 
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Proof. By definition, we have 
77 (®) = Tre, V fag 
1 
= Vie, 0) fd® (e:,0) + 30.4) fd® (0, f;) 
f s 
— fd® (Be,.0) (ei,0)) — oes (Yor) (0, fi) 
Using the fact that d® (e;,0) = dd (e;) and d& (0, f;) = 0, a simple calculation gives 
Vi(ei0) 4 4® (€:,0) = fVE,d¢ (ex) + fdd (gradIn f) 
and 
V0.4, 4 0.510: 
By using the equation (1.4), we deduce that 
V(e:.0) (ei, 0) = (Vei€is 0) 
and 
Vo.t,) (= (0, Vzfi) — na? (gradlna,0). 
It follows that 
Tp (®) = fV2.dd (ex) — fdd (Ve e:) + fdd (gradIn f) + nfdd (grad Ina) 


then, we obtain 


Tt (®) = f (7 (d) + ded (grad ln f) + nd¢ (gradina)) . 
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Remark 2.1. In the case where 6 = Idy, we conclude that the first projection P, : 


(M™ xq N",Ga) —> (M™,g) is f-harmonic if and only if the function fa” is constant. 


The expression of the f-bitension field of the map ® is given by the following Theorem. 


Theorem 2.1. The f-bitension field of the map ®: (M™ xq N",Ga) —> (P?,k) defined by 


® (x,y) = O(a) ts given by the following formula 
T2,¢ (®) = fre (¢) — nf (tr, (ve) do (gradlna) + TrgR? (dé (grad |na) ,d@) a) 
= Cy ae (9) + 1 eee (4) 
—nf (2V%,aain s40 (grad|Ina) + nV6 adinat? (grad\n a)) 


—f (Igradin fl? + Alnf +ndin f (gradIna)) Tt (¢) 


—nf (Igradin f? + Alnf +ndin f (gradina)) dd (grad|na). 
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Proof. By definition of the f-bitension field, we have 
72,7 (®) = —Tre, (V®)” fr (®) — fra, RP (7 (®) ,d®) d®, (2.7) 


where 


T (®) = r(¢) + ndd (gradina). 
Looking at the first term Trg, (v*)’ fr (®), we have 


2 
Tre. (V") fr (8) = Ven Ve,o fT ®) — Var, -yies0f7 (®) 


ina. ne fe (2.8) 
+ a2 V0.8) VeosyeT (®) — aaVo,, , osft (®) 


We will give a detailed calculation of this last equation. For the term Ve,.0)¥ (e:,0) fr(®)- 


® 


VC, o)(ex0)47 (®), we have 


V(e..0) V(ex,0)fT (2) - Vs 0) (x0) 7 (®) 


(e 


= Vi...0)Vie,of7 (¢) — VE fr(¢) 


(e;,0) (ei 0) 


+ nV 0,0) (e;,0) fab (gradlIna) —nV2 


V(e;,0) (e%,0) fd (grad In a) . 


A simple calculation gives 
Ve Vent) — VE. eof™ ) 
o)? o 
= fTrg(V*) 7 (6) +2fVE aang? () 
+f (Igradin fl? - Amn f) T (¢) 
and 
Ve,,0) V (e,,0) Fab (gradIna) — VF eqn) eno (grad Ina) 
2 
= fTrg(V%) dp (grad ina) + 2fV% gain p49 (grad ina) 
+f (Igradin sl? ++ Ain f) dd (grad|na). 


Then 


0) ® 7 ® 
V (6,0) V (e:,0) FT (0) VG tent? 2) 


(€;,0) 
= Phe (v*)" T(¢)+nfTrg (v*)" do (grad|na) 

a 2F9 as fe (bd) + InfV> sain pAb (grad Ina) (2.9) 
+ f (|gradin f? + An f) 7 (9) 


+ nf (Igradin f? + Ans) dd (gradlna). 
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In the same way, we obtain 


® ® = 
Von) V of) fT (®) = 0 


and 
My (08 fr (®) = —ne? Vo vainatT (¢) — oPVe rina dd (grad na) 
Sj 
ee 
=-—nfa? Vast T(¢) —nfa Ve adinat (grad Ina) (2.10) 
—nfa*dln f (gradiIna) rt (¢) 
—n? fa?dln f (gradlna) dd (gradIna). 
By replacing (2.9) and (2.10) in , we deduce that 
2 2 
Ite. ey frie) = fir; (v*) T(¢)+nfTr, (v°) do (grad |na) 
7 EMO T (9) 7 ene T (¢) 
+ 2nfVs adin fA? (gradlIna) +n PTV caine (grad lna) (2.11) 


+f (Igradin fl? + Aln f +ndin f (gradina)) T (¢) 


+ nf (Igradin f? + Aln f +ndIn f (gradina)) dd (gradlna). 
Finally, the calculation of term Trg, R? (7 (®) ,d®) d® is simple, we have 


Tra,R? (r (®) ,d®) dé = RP (r (®) , d® (e;,0)) d& (e;, 0) 
ns aR? (7 (®) ,d® (0, f;)) d® (0, fi) 
= R? (r (®) , d® (e;, 0)) d® (e;, 0) 
= R? (r (4) , dd (e)) dd (ei) 


+ nR? (d¢ (gradIna) , dd (e;)) dd (e:) . 


It follows that 


Tra,R? (7 (®) ,d&) d& = TryR” (7 (¢), db) db +nTrgR” (dd (grad\na) ,d@)d@. (2.12) 
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By substituting and in (2.7), we arrive at the following formula 
2 
12,¢(®) = fro (¢) — nf (Tr, (V%) dé (gradina) + TreR?” (dp (gradina) , dd) wo) 
aa (205 ain fr (9) aa WN agit (4) 


—nf (2V% oa 4 (grad|Ina) + nv? dd (grad|n a)) 


gradlna 


—f (Igradin f? + Alnf +ndin f (gradina)) T (d) 


—nf (Igradin fl? +Alnf +ndIn f (gradIna)) dd (gradlna). 


Theorem [2.1] allows us to establish the f-biharmonicity condition of ®. 


Remark 2.2. The map ® is f-biharmonic if and only if 


T2(¢) —n Gz (ve) dd (gradina) + TrgR” (d¢ (gradIna) , dd) wo) 
= (|gradin f\V?+Alnf +ndinf (gradIna)) T (¢) — (2 ering? (bd) + DY nae (4) 
—n (|gradin fr? +Alf+ndinf (gradina)) dd (gradln a) 


—n (2V% cain s40 (grad|Ina) + nVe adinad? (grad In a)) =(), 


And in the case where ¢ is harmonic, we obtain 


Corollary 2.1. If the map ¢: (M™,g) —> (P?,k) is harmonic, we deduce that ® is f- 
biharmonic if and only if 
: P 
Lv, (v*) dé (gradlna)+Tr,R* (dd (gradlna) ,d@) dd 
+ 208 adin fA? (grad Ina) + nVoadinal? (grad lna) 


+ (Igradin i? + Aln f + ndlIn f (grad na) do (gradlna) = 0. 


In the particular case where f = a, the map ® is f-biharmonic if and only if 


2 
Tr (v*) dé (gradIn f) + TrgR? (dé (gradIn f) ,dd) do 


+ ((n +1) |grad1n f|? + Ans) d@¢ (grad ln f) 


+ (n+2) Vo vain std (grad In f) = 0. 


The first projection corresponds to the case where ¢ = Idy,, its f-biharmonicity is given 


by 
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Corollary 2.2. The first projection P, : (M™ xq N",Ga) — (M™,g) defined by P; (x,y) = 
x is f-biharmonic if and only if 

gradA Ina + (Igradin fl? + Aln f + ndln f (gradina)) grad|lna 


=F 208 odin pgrad Ina+ Sgrad (|grad In a”) + 2Ricci (gradlna) = 0. 


If f =a, the f-biharmonicity condition of the first projection Py : (M™ xyz N",Gf) — 


(M™,g) is given by the following equation 


gradA ln f + ((n +1) \grad|n f|? ++ Alnf) gradl|n f 
(n+ 2) 


so grad (Igradin f?) + 2Ricci (grad|n f) = 0. 


Corollary [2.2| allows us to give an example of a f-biharmonic map. 


Example 2.1. Let P, : Ri. xy. N” —> R%. the first projection. By Corollary [2.4 P, is 
f-biharmonic if and only if the functions f, (t) = (In f (t))’ and ay (t) = (Ina (t))’ satisfy the 


following differential equation 
fiar + fear +nfra? + af + nayza', + 2fia', = 0. 


We will look for solutions of type fi (t) = ¢ and ay (t) = b where a,b € R*, then the first 


projection P, is f-biharmonic if and only if 
(a—1)(a+nb—2) =0. 


We distinguish two cases : 


(1) Ifa =1, P, is f-biharmonic if and only if f(t) = Cit and a(t) = Cot? for any 
be R*, where C, and C2 are positive constants. 
(2) Ifa=2—nb, P, is f-biharmonic if and only if f (t) = Cyt?-” and a(t) = Cot? for 


any 6 € R*, where Cy and C2 are positive constants. 


Now we will determine the f-biharmonicity condition of the map V : (M™ xq N",Ga) — 


(P?,k) defined by U (x,y) =~ (y) where w : (N”,g) — (P?,k) is a smooth map. 
Theorem 2.2. The f-tension field and the f-bitension field of V are given by 


Tp (WV) = (4 0 n) 7 (W) (2.13) 
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and 
ry (W) = (Son) mv) 


7 (4 (Alnf + |gradin fi?) © n) T (%b) 


(2.14) 
4 (4 (2A na + (2n —4) \gradin a?) é r) 7 (Wb) 
~(n—A) (4 (dln f (gradIna)) n) 7 (wb). 

Proof. Let’s start with the calculation of the f-tension field of V, we have 
77 (WV) = Tro, V fav 
VE,,0 FAY (¢i,0) — fa¥ (Ve,.0) (€,0)) 
+ ( on Ve pd (0,f)) — (4 on] av (Fo,4) (0.43) 

By equation (1.4), we deduce that 

(0) = (Son) vi avg) - (Son) ash), 
a J a 
then 


a 


(Y= (Son). 
It follows that WV is f-harmonic if and only if w is harmonic. Let’s go to the calculation of 
To, (WV), we have 
79,5 (V) = —Tra, (V")* fr (W) — Tro, RP (fr (¥) dW) dw, (2.15) 
where 
1 
FY) = (4en) Tw) 


By definition of Tre, (v¥)? fr (W), we have 


2 
eR cee (v") ha V(e.,0)V (6,0 ofr (© i Weis ,0) (4,0 oft 


: wv w 1 " 
‘ C : : Voor Vos tt OS) ~ (a . *) VF (5 ,)(Orf9)4 7(W). 
The calculation of the terms of this equation gives us 
VeoVeol™ OY) - VE. eof 


— (4 (Amf+ \grad In f|* — 2A Ina + 4|gradIna|* — ddn f (gradtna)) on] T (w), 
a 


i 
& 0 7) Viot,) Vos) f7 (Y) = ((4) 0 n) Vi,.VieT () 
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and 


(4 ° n) Ve | yout” (W) = (4 ° n) Ve, 57 (w) 


th (4 (2 \grad nal? — din f (gradina)) ° n) T (pW). 


a 


Which gives us 


ree (2)' (8) =( 


£ ° n) TrpV°r (wv) 
# (4 (Amnf+ \gradin f|*) ° n) 7 () 
f 


(2.16) 
= (4 (2A na + (2n — 4) \gradIn al”) ° n) T (w) 


f 


+ (n —4) (4 (dln f (gradlna)) o n) T(w). 


Finally for the first term Trg, R? (fr (VW), dV) dW, it is easy to verify that 


Tr¢,R? (fr (V) ,d¥) dv = (4 ° n) TrpR? (r () , dw) do. (27) 


If we substitute and in (2.15), we obtain 
ny) = (Son) mv) 
= (4 (Ans 4 \gradin |?) 7 n) 7 (W) 
+ (4 (2Ana + (2n — 4) \grad inal”) 0 n) 7 (W) 
—(n—A) (4 (din f (gradina)) 0 n) 7 (w). 


If the map w a biharmonic non-harmonic, we obtain : 


Corollary 2.3. If is a biharmonic non-harmonic map, then V is f-biharmonic if and only 


if the functions f and a satisfy the following equation 
Aln f + |gradIn f|? — 2Alna + (4 — 2n) |gradiInal? + (n — 4) dln f (gradina) = 0. 
And if f =a, the last equation becomes 
Alnf +(n—1)|gradIn f|? = 0. 


We will have two cases 
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(1) Ifn £1, by calculating the Laplacian of the function f"~+, we deduce that the map 
UW: (M™ x-.N",Gs) — (P?,k) is f-biharmonic if and only if the function fr-? is 
harmonic. 

(2) Ifn=1, U:(M™ x N", Gy) — (P?,k) is f-biharmonic if and only if the function 


In f is harmonic. 


In the same construction context, let’s look at the identity map Id: (M™ xq N",Ga) — 
CVE x INE SG) 


Theorem 2.3. The identity map Id: (M™ xq N",Ga) — (M™ x N",G) is f-biharmonic 
if and only 
gradA Ina + 2Vsradin pgrad Ina+ Sgrad (Igrad In al”) 


+ (4 In f + |grad|n fl? + ndln f (grad\n a)) gradlna (2.18) 


+ 2Ricci™ (gradlna) = 0. 
Proof. By definition of the f-tension field of Id, we have 
Tp (Id) = Vie,,0)f (e:,0) — f (Meo) (e:, 0)) 
+ Fy, (0,f;) (0; 5) — £ (% (0,f;) (0, ae 
It is simple to see that 
V (6,0) (€i,0) = V(e,,0) (€4,0) + f (gradin f,0) = (Ve,ei,0) + f (gradIna, 0), 
V(e;,0) (€i, 0) = (Ve,e:, 0), 


Vo,f;) (0; fi) = (0, Vi, fi) » 
and 
Vo.t,) ) (0, f;) = (0, V5, fj) — na? (grad Ina, 0). 
Then 
rf (Id) = f (gradin f,0) + nf (gradina,0) = f (gradIn (fa”) ,0). 


From the expression of Tf (Id), we deduce that Id is f-harmonic if and only if the function 


fa” is constant. The biharmonicity condition of the identity map Id is given by the equation 


Tra,V7f (gradina,0) + f?T rg, RM **% ((gradin f,0) , db) db = 0. (2.19) 
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For the first term A Trg, V?f (gradIna, 0) of equation (2.19) 


Tra. V7f (grad|na,0) = V (c:,0) V (e:,0)f (gradIna,0) — V if (grad Ina, 0) 


V(e,,0) (280 
(2.20) 


ies ont tratino.0) 
fy 


1 
am oe] (Yes¥oanf (grad ln a, 0) — Vo 
The separate calculation of these terms gives us 


V (e:,0) V (e:,0)/ (gradIna,0) — Ve 


V (e;,0) (e;,0)f (grad Ina, 0) 


= f (Tr,V’gradlna,0) + 2f (V adn pgradina, 0) (2.21) 


if (Ans zs \gradin |?) (gradIna,0), 


and 
V0,f;) V (0,f;) f (grad Ina, 0) — Vs (0 tt (grad Ina, 0) 
(o,f) 8" 
: (2.22) 
= nfo? (5 (grad (|gradin al”) ,0) + dln f (gradInq) (grad|n a,0)) 
From the equations (2.20} (2.20), (2.21) 2.21) and (2.22), we obtain 


Tra, V7 f (grad |na, 0) (TrgV? grad na, 0) + 2f (Viaam grad ina, 0) 


= 

+f (4 Inf + |gradIn f/? + ndIn f (gradIn a)) (grad na, 0) 
n 

oF orl 


(grad (|gradin.a|?) .0) : 


By using the fact that (see [17]) 
Tr,V°gradf = gradAf + Ricci (gradf) , 


we conclude that 
Tra,V°f (gradina,0) = f (gradA Ina, 0) + 2f (V adn pgradina, 0) 
+f (A In f + |gradin f|? + ndln f (gradina)) (gradlna,0) (2.23) 
n 
oil 


+ (grad (Igradin al”) ,0) +f (Ricci (gradIna) ,0). 


Finally, it is clear that 


Tre, R ((grad|na,0) , dd) dé = (Ricci (gradlna) ,0). (2.24) 
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The equations and give us 
Tr¢,V'f (gradina,0)++fTrg, RY **% ((gradIna,0) , db) de 
= f (gradA Ina, 0) + 2f (Viradn grad in a, 0) 
+ f (4 Inf + \grad|n f|* + ndl|n f (gradina)) (grad na, 0) 
+ 5f (grad (Igradin al”) ,0) + 2f (Ricci (gradlna) ,0). 


Then the identity map Id: (M™ xq N",Ga) — (M™ x N”,G) is f-biharmonic if and only 
if 
M 0 2 
gradA Ina + 2Voradin sgrad na + ggrad (|grad Ina| ) 


+ (4 In f + |grad|n vale + ndln f (gradIna)) gradlna 


+ 2RicciM (grad|nq) = 0. 


The following corollary results from the case where f = a. 


Corollary 2.4. Id: (M xs N,Gs) — (M x N,G) is f-biharmonic if and only if 


2 
gradA ln f + ca 


grad (Igrad In i) + 2Ricci™ (gradu f) 
+ (Ams +(n+1) \gradIn f|*) grad|ln f = 0. 
Theorem |2.3] gives us the following example. 
Example 2.2. Let Id : R™ \ {0} x, N” — R™ \ {0} x N” when we suppose that the 
positives functions f and a are radial. Then by Theorem [2. 3} we deduce that the identity 


map Id is f-biharmonic if and only if the functions f, (r) = (In f (r))’ and ay (r) = (Ina (r)) 


are solutions of the following differential equation 


Hi 
fier + fror t+ nfroj + aj + nayoy + 2fiay + ——ah 
A method to solve this equation is to look at the solutions of the form f, (r) = £ and qy (r) = 2 


(a,b € R*), thef-biharmonicity of Id is expressed by the algebraic equation 
a” + (nb — 3) a— (nb+2m—4) =0. 


For this equation, we can distinguish the following cases : 


(1) Ifm=1, we obtain two solutions a=1 anda =2-— nb. 
e Fora =1, Id is f-biharmonic if and only if f (r) = Cyr and a(r) = Cer? for 


any b € R*, where Cy and Co are positive constants. 


SOME RESULTS AND EXAMPLES OF THE f-BIHARMONIC MAPS ON WARPED PRODUCT ... 81 
e Fora =2—nb, Id is f-biharmonic if and only if f (r) = Cyr?-” and a(r) = 
Cor? for any b € R*, where Cy and C2 are positive constants. 


(2) For m> 1, the equation a? + (nb —3)a— (nb + 2m — 4) =0 has two real solutions 


_38—nb+A 

ga 
and 

_8=—nb—A 

a 
where 


A= V/n2b2 — 2nb + 8m — 7. 


e Fora = donb A Id is f-biharmonic if and only if f(r) = Civ r3-"t+4 and 
a(r) = Cor? for any b € R*, where Cy and C2 are positive constants. 
e Fora= sop Id is f-biharmonic if and only if f(r) = Civ r3-"-4 and 


a(r) = Cor? for any b € R*, where Cy and C2 are positive constants. 


As a last result, we give a theorem analogous to Theorem [2.3] by considering the identity 
map Id: (M™ x N",G) — (M™ xo N", Ga). 


Theorem 2.4. The identity map Id: (M™ x N",G) —> (M™ x, N",G) is biharmonic if 
and only if 

gradA ln a + 2V gradin sgrad Ina + (2 — 50°) grad (Igrad In al”) 

+ (Ans + \grad|n f|? + 4d1n f (gradIna)) grad|lna 


+ (2a Ina + (4— 2na”) |gradIn a”) gradlna + 2Ricci (gradlna) = 0. 


Proof. By definition, we have 
Tp (Id) = fV(e,,0) (0) + €: (f) (€:,0) — fd (Ve, ei, 0) 
+ FV (0,4) (0, 5) — Fad (0, Vy, fi) 
= fdd(Ve,ei,0) + f (gradln f,0) — fdd (Ve, ei, 0) 


+ fded (0, Ve,f5) — na? (gradlIna,0) — fd¢ (0, Vay) : 
it follows that 
tp (Id) = f ((gradIn f,0) — na? (grad ln a,0)) . 
It is simple to see that in this case Id is f-harmonic if and only if f = Ce?” . The identity 


map Id is f-biharmonic if and only if 


Trav? fa? (grad\na,0) + fo?TrgR ((gradIna, 0) ar = 0, (2.25) 
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For the first term Trev? far (gradlna,0), we have 
Trav? fa’ (gradlna,0) = V(e:,0)V (e;,0) fa" (grad Ina, 0) 
— Viv.,¢,0) £7 (grad Ina, 0) 
gs 7 (2.26) 
+ fa*V (o,f;) Vo,;) (grad In a, 0) 


= fa°V ( ) (grad\na,0). 


0,V F; fj 
The terms of equation (2.26) are calculated from the same method used in Theorem |2.4| we 
find 


V(e..0) V (e;,0) fa" (grad Ina, 0) — Vv.,¢,0) fo” (grad Ina, 0) 
= fa* (gradA Ina, 0) + 2fa? (Voradin pgrad In a, 0) 
+ fa? (A In f + |grad|n f?) (grad Ina, 0) 
+2fa? (Ana + 2|gradina|?) (grad Ina, 0) (2.27) 
+ 4fa*dln f (gradlna) (grad|na, 0) 
+2fa (grad (|grad In al”) .0) 
+ fa? (Ricci (gradlna) ,0), 


and 


Vo.t;)V (o,f) (grad na, 0) — wi ) (grad Ina, 0) 


0,V 7. fj 
= (2.28) 


= —na? |gradIna|* (gradlna, 0). 
If we replace (2.27) and (2.28) in (2.26), we deduce that 
TroV fa? (gradlna,0) = fa? (gradA Ina, 0) + 2fa? (Vgradin pgrad In a, 0) 
+ 2fa? (grad (|gradin a”) .0) + fa?Aln f (gradina, 0) 
+ 2fa*A Ina (gradina,0) + fa? |\gradIn fi? (grad Ina, 0) 
(2.29) 
+ 4fa*dln f (gradln a) (grad na, 0) 


+ fa? (4— na’) |grad in a|” (grad Ina, 0) 


+ fa? (Ricci (grad|na) ,0). 


To calculate TrgR ((gradIna, 0) ,-)-, we use the relation between the curvature tensor fields 


of Ga and G, we obtain 


R ((grad|na, 0) , (e;,0)) (e;,0) = (Ricci (grad Inq) , 0) 
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and 
R ((gradIna, 0), (0, fj)) (0, fj) = —ne? \gradIna|? (gradIn a, 0)— Fa (grad (|gradin al”) .0) 
It follows that 
TrcR ((gradlna, 0) ,-)- = R ((gradIna, 0) , (e;, 0)) (e:, 0) 
+ R((gradIna, 0), (0, f;)) 
= —na? |grad|Ina|” (gradIna, 0) (2.30) 
— 50 (grad (|gradin al”) ,0) 
+ (Ricci (grad|Ina) ,0). 


By replacing (2.29) and (2.30) in (2.25), we conclude that the identity map Id : (M™ x N",G) —> 
(M™ xq N",Gq) is f-biharmonic if and only if 


gradA Ina + 2V gradin sgrad Ina + (2 _ <a”) grad (Igrad In al”) 
+ (Ans + |gradIn f|? + 4dIn f (gradIna)) grad|lna 
+ (2a Ina + (4— 2na”) |gradIn a”) grad\lna + 2Ricci (gradlna) = 0. 
If f =a, we obtain 
Corollary 2.5. The identity map Id: (M™ x N",G) —> (M™ x N",G,) is f-biharmonic 
if and only if 
gradA In f + (34 In f + (9 —2nf?) lgradIn f|) radians 
+ (3 _ at) grad (Igradin ie, + 2Ricci (gradln f) = 0. 
As an application of the Theorem |2.4| we give an example of a f-biharmonic map. 


Example 2.3. Let Id: Ri. x N"” —> R4 x_.N” the identity map and let f and a a positive 
functions on Ri. By Theorem |2. 4} Id is f-biharmonic if and only 


fon + feo, + 4 fia? + af + Gaza}, + 2fra', — na*aza\, — 2na?a3 + 4a? = 0, 


where f, (t) = (In f (t))’ and aq (t) = (Ina (t))’. In solving this equation, we found particular 
solutions given by f (t) = Cyt and a(t) = Cov, where Cy and Cy are positive constants, 


which implies that the identity map Id: Ri. x N” —+ R41 xq N” is f-biharmonic. 
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CERTAIN CURVATURE CONDITIONS IN LORENTZIAN 
PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE 
SEMI-SYMMETRIC METRIC CONNECTION 


ABDUL HASEEB © } AND RAJENDRA PRASAD©| 


ABSTRACT. The object of the present paper is to characterize Lorentzian para-Sasakian 
manifolds with respect to the semi-symmetric metric connection satisfying certain curvature 


conditions. 


1. INTRODUCTION 


In 1989, K. Matsumoto [12] introduced the notion of Lorentzian para-Sasakian manifolds. 
Again the same notion was studied by I. Mihai and R. Rosca [13] and obtained many results on 
this manifold. Lorentzian para-Sasakian manifolds have also been studied by K. Matsumoto 
and I. Mihai [11], U. C. De et al. [2] and many others such as ([14], [16], [18]). 

A linear connection V in a Riemannian manifold M is said to be a semi-symmetric con- 


nection [4] if the torsion tensor T of the connection V defined by 


T(X,Y) =VxY —VyX - [X,Y] 
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satisfies 
T(X,¥) =f V)X — (XY, (1.1) 
where 17 is a 1-form. If moreover, the connection V satisfies the condition 
(Vxg)(¥, Z) =0 (1.2) 


for all X,Y,Z € y(M), where y(M) is the Lie algebra of vector fields of the manifold M, 
then V is said to be a semi-symmetric metric connection, otherwise it is said to be a semi- 
symmetric non-metric connection. In 1932, H. A. Hayden [7] defined a semi-symmetric metric 
connection on a Riemannian manifold and this was further developed by K. Yano [21]. A 
semi-symmetric metric connection have been studied by many authors ([1], [5], [6], [17], [20]) 
in several ways to a different extent. 

A relation between the semi-symmetric metric connection V and the Levi-Civita connec- 


tion V in Lorentzian para-Sasakian manifold M is given by [17, 21] 
VxY =VxY +n(Y)X - 9 (X, VIE. (1.3) 


The notion of semisymmetric manifold, a proper generalization of locally symmetric man- 
ifold, is defined by R(X, Y)-R = 0, where R(X,Y) acts on R as a derivation of the tensor 
algebra at each point of the manifold for tangent vector fields X, Y. A complete intrinsic 
classification of these manifolds was given by Z. I. Szabé in [19]. Also in [9], O. Kowalski clas- 
sified 3-dimensional Riemannian spaces satisfying R(X,Y)-R=0. A Riemannian manifold 
is said to be Ricci semisymmetric if R(X, Y)-S = 0, where S denotes the Ricci tensor of type 
(0,2). A general classification of these manifolds has been worked out by V. A. Mirzoyan 
[15]. 

We define endomorphisms R(X,Y) and X A 4 Y for an arbitrary vector field Z by 


R(X, Y)Z =VxVyZ -VyVxZ-VixyZ, (1.4) 


and 

(X A, Y)Z = A(Y, Z)X — A(X, DY, (1.5) 
respectively, where X,Y, Z € y(M) and A is the symmetric (0, 2)-tensor, R is the Riemannian 
curvature tensor of type (1,3). 


Furthermore, the tensors R- R and R- S on (M,qg) are defined by 
(R(X,Y)-R)(U,V)W = R(X, Y)R(U,V)W — R(R(X, Y)U,V)W (1.6) 


_—R(U, R(X, Y)V)W — R(U,V)R(X,Y)W, 
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and 


(R(X, Y)-S)(U,V) = —S(R(X, Y)U,V) — S(U, R(X, Y)V), (1.7) 


respectively. 

Recently, D. Kowalczyk [8] studied semi-Riemannian manifolds satisfying Q(Q, R) = 0 
and Q(S,g) = 0, where S, R are the Ricci tensor and curvature tensor, respectively. For 
detailed study of semisymmetric manifolds we refer the readers to see (([3], [10]). 

The paper is organized as follows: Section 2 is concerned with preliminaries. In Section 
3, we obtain the expressions of the curvature tensor R and the Ricci tensor S$ with respect 
to the semi-symmetric metric connection. In Section 4, we prove that R-S = 0 if and only 
if the manifold is an Einstein manifold with respect to V. Next in Section 5 (resp., 6), we 
prove that if the manifold satisfies the curvature condition S-R = 0 (resp., R- R = 0), 
then it is an 7—Einstein (resp., Einstein) manifold with respect to V. Section 7, deals with 
the study of Ricci semisymmetric Lorentzian para-Sasakian manifolds and prove that Ricci 
semisymmetries with respect to V and V are equivalent if the manifold is a generalized 
n—Einstein manifold. In Section 8, we prove that if C(€,X)-S = 0, then either the scalar 
curvature is constant or the manifold is an Einstein manifold with respect to V. In the 
last Section, it is shown that if Q-C = 0 (where C is the concircular curvature tensor with 
respect to V and Q is the Ricci operator with respect to V), then either the scalar curvature is 
constant or the manifold is a special type of 7—Einstein manifold with respect to V. Finally, 


we construct an example of 5-dimensional Lorentzian para-Sasakian manifold. 


2. PRELIMINARIES 


A differentiable manifold M of dimension n is called a Lorentzian para-Sasakian manifold, 
if it admits a (1, 1)-tensor field ¢, a contravariant vector field €, a 1-form 7 and a Lorentzian 


metric g which satisfy 


PX =X +n(X)€, n(€) = -1, (2.1) 

IX, £) = (X), € =9, n(GX) =0, (2.2) 
g(PX, OY) = G(X, VY) + (X)n(Y), (2.3) 
(Vx@)(Y) = G(X, V)E+ nV )X + 2(X)N(V YE, (2.4) 


Vx€ = ox, (2.5) 
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where V denotes the covariant differentiation with respect to the Lorentzian metric g. If we 
put 

®(X,Y) = g(oX,Y) (2.6) 
for all vector fields X and Y, then ®(X,Y) is a symmetric (0,2) tensor field. Also since the 


1-form 7 is closed in a Lorentzian para-Sasakian manifold, so we have 
(Vxn)(Y) = (X,Y), ®(X,g) =0 (2.7) 


for all vector fields X, Y € y(M). 
Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator Q in a 
Lorentzian para-Sasakian manifold with respect to the Levi-Civita connection satisfy the 


following equations [2, 11]: 


MR(X,Y)Z) = g(¥, Z)n(X) — 9X, Z)n(¥), (2.8) 
R(E,X)¥ = —R(X,8)Y = G(X, V)E— 0(V)X, (2.9) 
R(X, Y)E = n(Y)X — n(X)Y, (2.10) 

RE, X)E = — R(X, O)E = X + (XE, (2.11) 
S(X,f) = (n—1)n(X), QE = (n— 1)E, (2.12) 
S(dX, bY) = S(X,Y) + (n— 1)n(X)n(¥) (2.13) 


for all X,Y, Z € x(M), where S and Q are related by g(QX,Y) = S(X,Y). 


Definition 2.1. A Lorentzian para-Sasakian manifold M is said to be a generalized n- 


Einstein manifold if its Ricci tensor S is of the form [23] 
S(X, Y) — ag(X, Y) at bn(X)n(Y) = cQ(X, Y); 


where a, b, c are smooth functions on M and Q(X,Y) = g(oX,Y). Ifc = 0 (resp.,b=c=0), 


then the manifold reduces to an n-Einstein (resp., an Einstein) manifold. 


Definition 2.2. The concircular curvature tensor C in an n—dimensional Lorentzian para- 
Sasakian manifold M is defined by [22] 


r 


C(X,Y)Z = R(X,Y)Z — =p 


[9(¥, Z)X — g(X, Z)Y] (2.14) 


for all X,Y,Z € y(M), where R is the Riemannian curvature tensor and r is the scalar 


curvature of the manifold. 
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3. CURVATURE TENSOR OF A LORENTZIAN PARA-SASAKIAN MANIFOLD WITH RESPECT TO 


THE SEMI-SYMMETRIC METRIC CONNECTION 


Let M be an n-dimensional Lorentzian para-Sasakian manifold. The curvature tensor R 
with respect to V is defined by 
R(X, Y)Z = VxVyZ -VyVxZ -— VixyyZ. (3.1) 


By using (1.2), (1.3), (2.1), (2.2), (2.5) and (2.7) in (3.1), we get 


R(X, Y)Z = R(X, Y)Z + g(X, oZ)Y — g(Y,6Z)X — g (VY, Z)bX +9(X,Z)bY (3.2) 
+(9(¥, Z)n(X) — AX, Z)n(V JE + g(¥, Z)X — G(X, Z)Y 
+(n(¥)X — n(X)Y)n(Z), 
where 
R(X, Y)Z = VxVyZ -VyVxZ-VixyjZ 


is the Riemannian curvature tensor with respect to V. By contracting (3.2) over X, we 
obtain 


S(Y, Z) = S(Y, Z) — (n— 2)g(¥, 02) + (n—2—)g(¥, 2) + (n— 2)n(¥)n(Z), (3.3) 


where § and S are the Ricci tensors of the connections V and V, respectively and w = traced. 


The equation (3.3) yields 


QY = QY — (n-2)¢Y +(n-2-W)Y + (n-2)n (YE, (3.4) 


where Q and Q are the Ricci operators of the connections V and V, respectively. 


Contracting again Y and Z in (3.3), it follows that 


r=rt+(n—-1)(n-2-2y), (3.5) 
where 7 and r are the scalar curvatures of the connections V and V, respectively. 


Lemma 3.1. Let M be an n-dimensional Lorentzian para-Sasakian manifold with respect to 
the semi-symmetric metric connection. Then 


R(X,Y)E = n(¥ )(X — oX) — n(X)(¥ - oY), (3.6) 
R(E,X)Y = (9(X,Y) — g(X, oY ))E — 0(¥)(X — 6X), (3.7) 


S(X,€) =(n-1-P)(X), QE=(n—-1-W)é, (3.9) 
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S(@X, dY) = S(X,Y) + (n—-1—)n(X)n(¥). (3.10) 
Proof. By taking Z = € in (3.2) and using (2.1), (2.2), (2.10), we get (3.6). (3.7) follows 
from (2.1), (2.2), (2.9) and (3.6). By taking Y = € in (3.7) and using (2.1), (2.2) we obtain 
(3.8). From (3.3), (2.1), (2.2) and (2.12) we find (3.9). By replacing Y = 6X and Z = oY 
in (3.3) and then using (2.1)-(2.3) and (2.13) we get (3.10). 


4. LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE SEMI-SYMMETRIC 


METRIC CONNECTION SATISFYING R(X,Y)-S =0 
Suppose that a Lorentzian para-Sasakian manifold with respect to the semi-symmetric 
metric connection V satisfies the condition 


R(X,Y)-S =0. (4.1) 
Then in view of (1.7), it follows that 
S(R(X, Y)U,V) + S(U, R(X, Y)V) =0 
which by putting X = € and using (2.9) takes the form 
g(¥, U)S(E,V) — n(U)S(¥,V) + go ¥,V)S(U,€) — (V)S(U,Y) = 0. (4.2) 


By taking U = € in (4.2) and using (2.1), (2.2) and (3.9), we obtain 


S(Y,V) =(n-1-Yy)g(Y,V). (4.3) 


From which we have 


QV =(n—-1-yp)V. (4.4) 


Conversely, if (4.3) satisfies, then by using (4.4) in the expression (R(X,Y)-S)(U,V) = 
—S(R(X,Y)U,V) — SU, R(X, Y)V) = —9(R(X, YU, QV) — 9(QU, R(X, Y)V), we find 


(R(X,Y)-S)(U,V) = —(n—1— ¥)(g( R(X, Y)U,V) + g(U, R(X, Y)V)) (4.5) 


which by using the fact that g(R(X,Y)U,V) + g(U, R(X, Y)V)) = 0 reduces to (R(X,Y) - 
S)(U,V) =0. Thus we can state the following theorem: 
Theorem 4.1. Jf an n-dimensional Lorentzian para-Sasakian manifold with respect to semi- 


symmetric metric connection satisfies the condition R-S = 0, then the manifold is an Einstein 


manifold of the form (4.3) and the converse is also true. 


CERTAIN CURVATURE CONDITIONS IN LP-SASAKIAN MANIFOLDS 


91 


5. LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE SEMI-SYMMETRIC 


METRIC CONNECTION SATISFYING S- R=0 


Suppose that a Lorentzian para-Sasakian manifold with respect to the semi-symmetric 


metric connection satisfies (S(X,Y)-R)(U,V)Z = 0. Then we have [8] 
(XAsY)R(U,V)Z + R((XAsY)U, V)Z + RU, (XAsSY)V)Z 
+R(U,V)(XAsY)Z =0 
for any X,Y,Z,U,V € y(M). Taking Y = € in (5.1), we have 
(XAg€)R(U,V)Z + R((XASEU,V)Z + RU, (XAgEWV)Z 
+R(U,V)(XAgé)Z =0 
which in view of (1.5) takes the form 
S(€, R(U,V)Z)X — 5(X, RU, V)Z)E + R(S(E,U)X — §(X,U)E,V)Z 
+R(U, 5(E,V)X — 5(X, V)E)Z + RU, V)(S(E, Z)X — 5(X, Z)E) = 0. 


By using (3.9) in (5.3), we find 


(n-—1-—yW)[n(RWU,V)Z)X + nU)R(X,V)Z + nV)RU, X)Z + 7(Z) RU, V)X] 


(5.1) 


(5.2) 


(5.3) 


(5.4) 


—S(X, R(U,V)Z)é — §(X,U)R(E, V)Z — §(X, V) RU, £)Z — 8(X, Z)R(U, VE = 0. 


Now taking inner product of (5.4) with €, we get 
(n —1—)[n(RU, V)Z)n(X) + n(U)n( R(X, V)Z) + (Vn RU, X)Z) 
+n(Z)n(RU, V)X)] + $(X, RU, V)Z) — S(X,U)n( RE, V)Z) 
—§(X,V)n(RUW, €)Z) — S(X, Z)n(RU,V)€) = 0 
which by putting U = Z = € and using (3.6)-(3.8) reduces to 


(n —1—¥)(9(X,V) + (X)n(V)) + S(X,V + (VE) = 0 


from which it follows that 


S(X,V) =—(n—1— )g(X,V) — 2(n — 1 — b)n(X)n(V). 


Thus we can state the following theorem: 


(5.5) 
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Theorem 5.1. If an n—dimensional Lorentzian para-Sasakian manifold with respect to the 
semi-symmetric metric connection satisfies the condition S- R= 0, then the manifold is an 


n—Einstein manifold of the form (5.5). 


6. LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE SEMI-SYMMETRIC 


METRIC CONNECTION SATISFYING R- R= 0 


Let M be an n-dimensional Lorentzian para-Sasakian manifold with respect to the semi- 


symmetric metric connection satisfies (R(X,Y)-R)(U,V)W =0. Then in view of (1.6), it 
follows that 


R(X, Y)R(U,V)W — R(R(X,Y)U, V)W — R(U, R(X, Y)V)W (6.1) 


—R(U,V)R(X,Y)W =0. 
By substituting X = U = € in (6.1) and using (2.2), (2.9), (2.11) and (3.7), we find 


g(V,W)Y — g(V, OW)Y — RIV, V)W — nV) 9(¥, dW) E (6.2) 


+n(V)n(W)oY — g(¥,W)V + g9(¥,W)dV = 0. 


Taking inner product of (6.2) with Z, we have 


I(V,W)g(¥, Z) — g(V, 6W)g(¥, Z) — g( RIV, VW, Z) — n(V )n(Z)g(¥, PW) (6.3) 


+(V)n(W)9( oY, Z) — oY, W)9(V, Z) + oY, W)9(OV, Z) = 0. 


Let {e1, €2, €3....-- ,€n—1,;€n = §} be a frame of orthonormal basis of the tangent space at 
any point of the manifold. If we put V = W = e; in (6.3) and summing up with respect to 


i(1 <i<n), then we obtain 


S(Y,Z) =(n-1-)g(Y, 2). (6.4) 
Thus we can state the following theorem: 


Theorem 6.1. If an n—dimensional Lorentzian para-Sasakian manifold with respect to the 
semi-symmetric metric connection satisfies the condition R- R = 0, then the manifold is an 


Einstein manifold of the form (6.4). 
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7. RICCI SEMISYMMETRIES IN LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT 


TO THE CONNECTIONS V AND V 


Assuming that the manifold is Ricci symmetric with respect to the semi-symmetric metric 


connection V, therefore we have 
(R(X, Y)- 8)(U,V) = —8(R(X, Y)U,V) — S(U, R(X, Y)V) (7.1) 
for all X,Y,U,V € x(M). In view of (3.2) and (3.3), (7.1) takes the form 
(R(X, Y)-S)(U,V) = (R(X, Y)-S)(U,V) — (n-2- y)[R(X,Y,U,V) 
+R(X,Y,V,U)] + (n — 2)[g( R(X, Y)U, 6V) + g( R(X, Y)V, 6U)| 
—(n — 2)[n( R(X, Y)U)n(V) + (R(X, Y)V)n)] 


—9(X, gU)S(Y, V) — 9X, PV)S(U,Y) + GY, 6U)5(X,V) 


+9(¥, PV)S(X,U) + g(¥,U)S($X,V) + g(¥,V) SU, X) 
—9(X, U)S(bY, V) — 9(X, V)SU, bY) — g(¥,U)n(X) SE, V) 
—G¥,V)n(X)S(U, €) + 9(X, U)n(V)S(E,V) + 9(X,V)n(¥)S(E, U) 

—9(Y,U)S(X,V) = al ¥, V)S(X%, 0) + 9% U)S(Y,V) 

+9(X,V)S(U,Y) — n(¥ )n(U)S(X, V) — (¥)n(V)S(X, U) 

+(X)n(U)S(Y,V) + n(X)n(V)S(¥, U) 
which by using (2.8) and the fact that R(X,Y,U,V) + R(X,Y,V,U) =0 turns to 
(R(X, Y)-8)(U,V) = (R(X, Y)- S)(U,V) + (n — 2)[g(R(X, YU, dV) (72) 
+g9(R(X,Y)V, dU) — (2n— 3— d)[g(V U)n(X)n(V) — 9X, U)n(¥)n(V) 
+9(¥, V)n(X)nU) — 9X, V)n(¥ )n(V)] — 9(X, U)S(Y,V) 
—9(X, dV)S(U,Y) + g(¥, PU)S(X,V) + g{¥, V)S(X, U) 


+9(¥,U)5(bX,V) + oY, V)SU, 6X) — 9(X,U)S(6Y,V) 


—9(X,V)S(U, dY) — g(¥,U)S(X,V) — oY, V)S(X,U) 


Suppose that (R(X,Y)-S)(U,V) = (R(X, Y)-$)(U,V), then from (7.2), it follows that 


(n — 2)[g( R(X, Y)U, dV) + g( R(X, Y)V, oU)] 
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—(2n —3— ov) [g(¥, U)n(X)n(V) — 9g(X, U)n(Y )n(V) 


+9(¥,V)n(X)nU) — g(X,V)n(¥)n(U)] — g(X, dU) S(Y, V) 


—9(X, oV)S(U,Y) + g(¥, GFU)S(X,V) + 9{¥, 6V)S(X,U) 


+9(¥, U)S($X,V) + 9(¥,V)S(U, 6X) — 9(X,U)S(4Y, V) 
9(X,V)S(U, 6) — g{¥,U)8(X,V) — 9{¥,V)S(X,U) 


+9(X, U)S(Y,V) + 9(X,V)S(U,Y) — n(¥)n(U)S(X, V) 


which by taking X = U = € and then using (2.1), (2.2) and (2.8) reduces to 
S(¢Y,V) = (n — 2)g(¥,V) + (n — 2)n(¥)n(V) — (w — 1) 9(¥, 6V). (7.3) 


Now replacing V by @V in (7.3) and using (2.1), (2.2) and (3.10), we obtain 


S(Y,V) =(1—%)gV%V) + (n— 2)9(Y, @V) — (n — 2)n(Y)n(V). (7.4) 


Thus we can state the following theorem: 


Theorem 7.1. Ricci semisymmetries with respect to V and V are equivalent if the manifold 


is a generalized n— Einstein manifold with respect to the semi-symmetric metric connection. 


8. LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE SEMI-SYMMETRIC 


METRIC CONNECTION SATISFYING C(€,X)-S =0 


We consider that an n-dimensional Lorentzian para-Sasakian manifold with respect to the 


semi-symmetric metric connection satisfies C(€, X) - S = 0. Then we have 
S(C(E,X)Y, Z) + S(Y,C(E, X)Z) =0. (8.1) 
From (2.14), we find 


CUE X)Y = [L- —"—JG(X, YE = n(¥)). (8.2) 


By virtue of (8.2), (8.1) takes the form 


: i 


we n(n — 1) 


\(9(X, Y)S(E, Z) — n(V)S(X, Z) + 9(X, Z)S(Y, €) — 0(Z)S(X,Y)) = 0 


which by taking Z = € and using (2.1), (2.2) and (3.9) gives 


r 


L— n(n — 1) 


\(S(X,Y) -— (m—1-$)9(X,Y)) =0. (8.3) 
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Thus we have either r = n(n — 1), or 


S(X,Y) =(n-1-¥)g(X,Y). (8.4) 
Thus we can state the following theorem: 
Theorem 8.1. [f an n—dimensional Lorentzian para-Sasakian manifold with respect to the 


semi-symmetric metric connection satisfies the condition C(€,X)-S = 0, then either the 


scalar curvature is constant or the manifold is an Einstein manifold of the form (8.4). 
9. LORENTZIAN PARA-SASAKIAN MANIFOLDS WITH RESPECT TO THE SEMI-SYMMETRIC 
METRIC CONNECTION SATISFYING Q-C =0 


In this section we suppose that an n-dimensional Lorentzian para-Sasakian manifold with 


respect to the semi-symmetric metric connection satisfies Q - C = 0. Then we have 
Q(C(X,Y)Z) — C(QX,Y)Z — C(X, QY)Z — C(X,Y)QZ =0 (9.1) 
for all X,Y, Z € x(M). In view of (2.14), it follows from (9.1) that 


QO(R(X,Y)Z) — R(QX,Y)Z — R(X, QY)Z — R(X, Y)QZ 


+ = 7 (S(Y, Z)X — 5(X, Z)Y) =0 


which by taking inner product with € yields 


m(Q(R(X,Y)Z)) — n(R(QX,Y)Z) — (R(X, QY)Z) — n( R(X, Y)QZ) (9.2) 


+ ay (SY ZX) — SX, Z)n(¥)) = 0. 


Putting Y = € in (9.2), we have 


m(Q(R(X, €)Z)) — n(R(QX, €)Z) — n( R(X, QE)Z) — (R(X, £)QZ) (9.3) 


From (2.9), we can easily find 
n(Q(R(X, €)Z)) = n( R(X, QE)Z) = (n—1— ¥)(9(X, Z) + n(X)n(Z)), (9.4) 


n(R(QX, €)Z) = n( R(X, £)QZ) = (n-1— v)n(X)n(Z) + S(X, Z). 


By making use of (2.1), (3.9) and (9.4), (9.3) reduces to 


ay Oe eZ) 
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Thus we have either r = n(n — 1), or 


S(X, Z) = —(n—1— )n(X)n(Z). (9.5) 
Thus we can state the following theorem: 
Theorem 9.1. If an n—dimensional Lorentzian para-Sasakian manifold with respect to the 
semi-symmetric metric connection satisfies the condition Q-C = 0, then either the scalar 


curvature is constant or the manifold is a special type of n—Einstein manifold of the form 


(9.5). 


Example. We consider the 5-dimensional manifold M = { (x1, £2, 3,24, 05) € Ret, where 
(x1, 22,23, 4,25) are the standard coordinates in R°. Let e1, e2, €3, e4 and es be the vector 


fields on M given by 


O O O O 
€, = coshx5—— + sinhx5——, eg = sinhas—— + coshx5—— 


Ox, Ox Ox Ox ; 


=§ 


h e + sinh e inh g + cosh g 
€3 = COSNX5 —— SINNXM5 ——, €4 = SINNX —— COSNX5—7—, €5 = ZR 
a 0x3 2 0x4 r 3 0x3 3 0x4 ? Ors 


which are linearly independent at each point of M and hence form a basis of T,M. Let g be 


the Lorentzian metric on M defined by 
g(e;,e;) = 1, for 1 <i < 4 and g(es,e5) = —1, 
g(€:,€;) =0, fori #j, 1<i<5and1<j <5. 


Let 7 be the 1-form defined by n(X) = g(X,es) = g(X,&) for all X € x(M), and let ¢ be 
the (1, 1)-tensor field defined by 


pe1 = —€2, peg = —€1, pez = —€4, es = —€3, Ges = 0. 
By applying linearity of ¢ and g, we have 
n(€) = 9(€,€) =—1, @?X =X +n(X)E and g(bX, 6Y) = g(X,Y) +0(X)n(¥) 


for all X,Y € y(M). Thus for es = €, the structure (¢,€,7,g) defines a Lorentzian almost 


paracontact metric structure on M. Then we have 
[e1, e2] = [e1, e3] = [e1, e4] = [e2, e3] = [e2, e4] = [e3, ea] = 0, 


[e1, €5] = —€2, [e2, 65] = —€1, [e3, €5] = —€4, [e4, €5] = —€3. 


The Levi-Civita connection V of the Lorentzian metric g is given by 


29(VxY, Z) = XG (Y, Z) +Yq(Z,X) ZG(X, Y) = G(X, [Y, Z)) + g(Y, [Z, X]) + 9(Z, PS ¥]); 


CERTAIN CURVATURE CONDITIONS IN LP-SASAKIAN MANIFOLDS 97 

which is known as Koszul’s formula. Using Koszul’s formula, we find 

Vere1 =9, Ve,e2 = —€5, Ve,e3 = 0, Ve,e4 = 0, Ve, es = —e2, 

Verel = —65, Vere2 = 0, Vere3 =0, Verea = 0, Veres = —€1, 

Ve3,€1 =0, Ve,e2 = 0, Vese3 = 0, Vezea = —€5, Veges = —€4, 

Vese1 = 0, Veye2 = 0, Veses = —€5, Veyea = 0, Vexes = —€3, 

Vese1 =0, Veseo2 =0, Ve,e3 = 0, Vesea = 0, Veses = 0. 
Also one can easily verify that 
VxE=GX and (Vx@)¥ = G(X, Y)E+n(Y)X + 2n(X)n(VE. 


Therefore, the manifold is a Lorentzian para-Sasakian manifold. By using (1.3), we find 


Vei€1 = —65, Ver €2 =—e5, Ve,e3 = 0, Ve, ea = 0, Ve1€5 = —€] — €2, 
Vex€1 = —€5, Vex €2 = —€5, Vex€3 = 0, Vex€4 = 0, Vex€5 = —€] — €9, 
Ves€l = 0, Vex€2 = 0, Vex€3 = —65, Vege4 = —€5, Vege5 = —e3 — €4, 
Veqe = 0, Vexs€2 = 0, Ves€3 = —€5, Veqe4 = —€5, Ves€5 = —e3 — €4, 


Ves€l = 0, Ves €2 = 0, Ves€3 = 0, Vese4 = 0, Ves es =0; 


From the above results, we can easily obtain the components of the curvature tensor as 


follows: 
R(e1, e2)e1 = €2, R(e1, e2)e2 = —€1, R(e1,€3)e1 = 0, R(e1,e3)e3 = 0, 
R(e1, e4)e1 = 0, R(e1, e4)e4 = 0, R(e1, e5)e1 = —e5, R(e1,€5)e5 = —€1, 
R(e2, e3)e2 = 0, R(e2, e3)e3 = 0, R(e2, e4)e2 = 0, R(e2, e1)er = 0, 
R(e2, e5)e2 = —e5, R(e2,e5)e5 = —e2, R(e3,e4)e3 = e4, R(e3, e4)ea = —€3, 
Ries, e5)e3 = —e€5, R(e3,e5)e5 = —e3, R(es,e5)ea = —€5, Rea, e5)e5 = —€4, 
and 
R(e1,e2)e, = 0, R(e1,e2)e2 = 0, R(e1,e3)e1 = —e3 — ea, R(e1, €3)e3 = €1 + €2, 
R(e1, e4)e, = —e3 — ea, R(e1, ea)ea = €1 + €2, R(e1,e5)e1 = —es, R(e€1,€5)e5 = —e1 — €2, 
R(e2, e3)e2 = —e3 —€4, R(e2,€3)e3 = —e1 —€2, R(e2, €4)e2 = —e3 —e4, R(e2, e4)ea = €1 +2, 
R(eo, es )eg = —es, R(e2,e5)e5 = —e1 — €2, R(e3,e4)e3 = 0, R(e3,ea)ea = 0, 


R(e3, e5)e3 = —e5, R(e3, e5)es = —e3 — ea, R(ea,e5)e4 = —€5, Rea, €5)e5 = —€3 — a. 
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From these curvature tensors, we calculate 
S(e1, €1) = S(€2, e2) = S(es,e3) = S(ea,e4) = 0, S(e5,e5) = —4, (9.6) 


S(e1, €1) = S(e2,e2) = S(e3, €3) = S(e4,e4) = 3, S(e5,€5) = —4. (9.7) 
Therefore, from (9.6) and (9.7) we obtain r = 4 and 7 = 16, respectively. Thus it can be 
seen that the equation (3.5) is satisfied, where w = ean €.g(be;, €;) = 0. 


From (1.1), we calculate the components of torsion tensor as follows: 
Temes) =0, for 11,7 5 5, « Peyes) =e, tors 1, 25354: (9.8) 
From (1.2), it can be easily seen that 
(Ve.9) (es; &%) = 0, for any 1.<.2,7,k <5. (9.9) 


Thus by virtue of (9.8) and (9.9), we say that the linear connection V defined by (1.3) on 
the manifold M is a semi-symmetric metric connection. 
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SEMI-SYMMETRIC METRIC CONNECTION ON COSYMPLECTIC 
MANIFOLDS 


BABAK HASSANZADEH © } 


ABSTRACT. In this paper we studied almost contact manifolds with semi-symmetric con- 
nection, especially Sasakian manifolds. Curvature, sectional curvature and ¢-sectional cur- 


vature are calculated by semi-symmetric connection. Furthermore; geometric properties of 


integral submanifold of Sasakian manifolds are investigated. 


1. INTRODUCTION 


The idea of a semi symmetric connection on a smooth manifolds was first introduce by 
Friedmann and Schouten in 1924, [3]. The Sasakian manifolds were introduced in the 1960’s 
by S. Sasaki as an odd-dimensional analogous of Kaehler manifolds. Kaehler manifolds are 
a Classical object of differential geometry and well studied in literature. Compared to that 
Sasakian manifolds have only recently become subject of deeper research in mathematics 
and physics. Semi-symmetric connection studied by many authors from 1924 so far. In 1993, 
Benjancu and Duggal introduced the concept of (¢)-Sasakian manifolds. Afterwards, 


in 2014, Ram Nawal Singh, Shravan Kumar Pandey, Giteshwari Pandey and Kiran Tiwari 


examined semi-symmetric connection in an (€)-Kenmotsu manifold. 
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In the present paper, in the first section, Sasakian manifold are examined, then in next 


section cosymplectic manifolds are studied using semi symmetric metric connection. 


2. PRELIMINARIES 


Let M be an odd dimensional smooth manifold with a Riemannian metric g and Rie- 
mannian connection V. Denote by 7T’M the Lie algebra of vector fields on M. Then M is 
said to be an almost contact metric manifold if there exist on M a tensor ¢ of type (1,1), a 


vector field € called structure vector field and 7, the dual 1-form of € satisfying the following 


PX =—-X+n(X)E, g(X,€) = n(X) (2.1) 
m(g)=1, o(€)=90, nod=0 (2.2) 
9X, bY) = (X,Y) —(X)n(¥), (2.3) 


for any X,Y € TM. In this case 


G(X, Y) = —g(X, PY). (2.4) 


If dn(X,Y) = g(X,¢Y), for every X,Y € TM, then we say that M is a contact metric 
manifold. If € is a killing vector field with respect to g, the contact metric structure is called 
a K-contact structure. It is easy to prove that a contact metric manifold is K-contact if and 
only if Vx& = —oX, for any X € TM, where V denotes the Levi-Civita connection on M. 
We are thus led to define four tensors N! , N? , N® , N* by 


NO (X,Y) = [d, o]|(X, Y) + 2dn(X,Y)E, 
N@(X,Y) = (Lexn)(Y) — (Leyvn)(X), 
N® = (Le@)X, 


N = (Len) X. 


An almost contact structure (,&,7) is normal if and only if these four tensors are equal to 


zero. Now we give some useful theorems. 
Theorem 2.1. An almost contact metric struture (¢,&,7,g) is Sasakian if and only if 
(Vx@)¥ = G(X, YE — (VX. 


A Sasakian manifold is K-contact then € is Killing vector field and Vxé = —@X. 
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Proposition 2.1. On a Sasakian manifold, 


R(X, Y)E = (VY )X — (X)Y. 


Theorem 2.2. A contact metric manifold is K-contact if and only if the sectional cur- 


vature of all plane sections containing € are equal to 1. Moreover, on a K-contact manifold, 
R(X, )E = X — (XE. 


Let M be a submanifold of M and TM and T+M be the Lie algebras of vector fields 
tangential and normal to M, respectively. Suppose V is the induced Levi-Civita connection 


on M. The Gauss and Weingarten formulas are given by 


VxY =VxY +h(X,Y), (2.5) 


VxV = —AvyX + VR, (2.6) 


for all X,Y € TM and V € T+M, where V+ is the connection on the normal bundle TM, 


h is the second fundamental form and Ay is the Weingarten map associated with V as 
g(Av X,Y) = g(h(X,Y),V), (2.7) 
for then using the standard formula namely Koszul formula for the Levi-Civita connection, 
GVXY, Z) = {Xg(¥,Z) + ¥ G(X, Z) ~ Z9(X,¥) (2.8) 
+ 9([X,¥], 2) + 914, X],¥) + 9((Z,¥], X)}, 
forall X,Y € TM. 
3. SEMI-SYMMETRIC METRIC CONNECTIONS 


A linear connection V defined on contact metric manifold M is said to be semi-symmetric 


connection|3], if its torsion tensor 
T(X,Y) =VxY —VyX — [X,Y] 
satisfies 
T(X,Y) = (VY) X — (XY. 


Further, a connection is called a semi-symmetric metric connection[5] if 


(Vx9)(Y, Z) = 0. 


COSYMPLECTIC MANIFOLDS 


103 


The relation between the semi-symmetric metric connection V and the Levi-Civita connection 


is given by|4] 


Vx¥ =VxY +9(Y)X — 9(X, YE. 


(3.9) 


Let M be a Sasakian manifold and V be a Levi-Civita connection defined on M. Using |3.9 


we obtain 


(Vxn)¥ = Vxg(¥,€) — n(VxY) = —n(VxY) — n(¥)n(X) + 9(X, Y). 


From the definition immediately we obtain the following useful facts. 
1)Vx¢Y = VxdY — 9X, @Y)E, 
VoxY = VoxY +0(¥)bX — 9(bX, YE, 


) 

2) 

3)VexPY = VexdY +0(X)n(V JE — 9 X, VE, 
) 
) 


4)Vaoxé =0, 
5)VeX = VeX, 


for all X,Y € TM. 
Lemma 3.1. On Sasakian manifold, 
(Vax@)¥ = G(bX,Y)E— G(X, Y)E— (VX + (VX. 


Proof. 


(Vaxd)Y = Vox oY — 6VoxY = Vox oY — 9(bX, bY )E — 6VaxY — n(¥)¢?X, 


= VoexoY — VexY + (VY )oX — G(X, YE, 
= g OX, Y)E— G(X, Y)E— (VY) OX + 7(¥)X. 


The proof is completed. 


Let the curvature tensorR given by 
R(X, Y)Z =VxVyZ—-VyVxZ - Vixy)Z, 
where V is semi-symmetric connection. Using|3.9| we obtain routinely 


R(X,Y)Z = R(X,Y)Z + (Z)nV)X — 0(Z)(X)Y, 


— GV, Z)X + G(X, ZY + g(¥, Z)n(X)E— G(X, Z) (VE, 


+ 9(Vx§,Z)¥ — g(¥, Z)V x — g(Z, VvE)X + W(X, Z)Vvé. 


(3.10) 


(3.11) 
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For Sasakian manifolda the equation [3.9] reduces to 


R(X,Y)Z = R(X,Y)Z + (Z)n(V)X — 0(Z)n(X)Y, 
— 9 V Z)X + (XX, Z)Y + g(¥, Z)n(X)E— 9X, Z)n(V YE, 


— (PX, Z)Y + GY, Z)OX + GZ, oY) X — 9X, Z)OY. 


To calculate the sectional curvature, first we have 


R(X, Y,Y,X) = R(X, Y,Y,X) + 0¥)n(V)g(X, X), 


— AY, Y)o(X,X) + G(X, Y)9(X,Y) + (X)n(X)g(¥, Y). 


Assume {X,Y} are orthonormal, then 


R(X,Y,Y,X) = R(X,Y,Y,X) + 0¥ nV) + n(X)n(X) — 1, 


therefore 


K(X,Y) = K(X,Y) + 0(V)n(¥) + 0(X)n(X) — 1. 


(3.12) 


(3.13) 


(3.14) 


(3.15) 


For Sasakian manifolds we have R(X,Y)€ = n(Y)X — n(X)Y, then from [3.9] we obtain 


R(X, Y)E = (V)X — (X)¥ — 1 X)OY + (VOX. 


3.1. Integral submanifolds. 


Definition 3.1. A submanifold N of M is an integral submanifold, if n(X) = 0 for every 


XETN. 


Lemma 3.2. Let M be a Sasakian manifold with a semi-symmetric metric connection. As- 


sume N be an integral submanifold, then 
for any X,Y ETN. 


Proof. If N be an integral submanifold, then € is normal to N, hence 


(Vxd)¥ = VxdY — OVxY = VxdY — g(X, bY)E - OVXY + 9(Y, €)OX = (Vx@)Y. 


Using theorem [2.1] the proof is trivial. 
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For integral submanifolds the equation [3.9] become to 


R(X,Y)Z = R(X, Y)Z4+ G(X, ZY — g(¥, Z)X — G(X, Z)bY + Go ([Y, Z) OX, (3.16) 


which present the relation between curvature tensors of connections V and V in integral 


submanifolds of Sasakian manifolds. From [3.16] we get 
g( R(X, Y)Z,V) = g( R(X, Y)Z,V) +. 9(X, Z)g(¥, V) — GY, Z)g(X,V). (3.17) 
SupposeR(X,Y)Z = 0, which by virtue of the equation yields 
WR(X,Y)Z,V) = GY, Z)G9(X,V) — 9X, Z)g(¥,V). (3.18) 
We know R(X,&)€ = X, and we can caculate easily R(€, X)€ = X, hence 


it’s trivial R(X, Y)€ = R(X,Y)E = 0 and R(X, E)E = X. Also, d—sectional curvature is 
defined by 


K(n) = K(X, 6X) = R(X, bX; bX, X). 
Assume X € N be an unit vector field, then 
R(X, 4X; 0X, X) = R(X, @X; bX, X) — g(X, X)g(PX, oX) 
= R(X, $X;4X,X)-1, 
and we conclude K = K — 1. 
Lemma 3.3. Let N be an integral submanifold of Sasakian maniold M, then 
VeY =[6,¥]; 

for all X,Y EN. 
Proof. By[2.3| following equations are obtained 

29(VeX,Y) = €g( X,Y) + o([E, X],¥) + o([¥, €],X), 
using €9(X,Y) = g(VeX,Y) + 9(X, VeY) leads to 

WVEeX,Y) = 9X, VeY) + o([8, X],Y) + 91, 6], X)- (3.19) 
Also, 


2g(VxE,Y) = (X,Y) + 9X, 6], ¥) + g([¥, €], X) = 0. (3.20) 
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Comparing and complete the proof. 
4. Cosymplectic manifolds 


A normal almost contact metric manifold M is called a cosymplectic manifol if 
(Vxd)¥ =0, Vx€=0, (4.21) 
where V denotes Levi-Civita connection. From we have 
(VxG)¥ = —(Y) OX — g(X, YE. (4.22) 


Following facts easily can be obtained 


(1) (Vx¢Y) = oVxY — 9(X, YE, 
(2) Ve@X = VedX, 
(3) VeY = VeY. 


Using obtained facts we obtain 


g(Vx bY, €) = 9(6X,Y), (4.23) 
g(VeoX,Y) = g(VeoY, X). (4.24) 

From [2.4] and [3.9] we get 
VxE=—-$X, (Vxd)E = —GX. (4.25) 


Lemma 4.1. Let M be a cosymplectic manifold, then 
n((Vx)Y) = n(VxdY), 
for all X,Y €TM. 
Proof. Using [4.22] and other obtained facts for Cosymplectic manifolds we get 


n((Vxd)Y) = n(g(bX,Y)€) = 9( OX, Y) = n(VxdY), 


the proof is complete. 


Based on theorem 6.8 [I] it can be seen dyn = 0, then 
2dn(X,Y) = Xn(¥) — ¥n(X) — n([X, ¥]) = 0. (4.26) 
Assume X,Y € TM are orthogonal elements. Using [2.8] and we find out 


2g(Vx6,Y) = Xn(Y) — Yn(X) + g([X, €], ¥) + n([X, ¥]) + g([¥, €], X). 
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Therefore g([X, €], Y) + g([Y,€],X) =0. Using [2.8] we have 
WVxY)=X0(Y), n(VyX) = ¥n(X). (4.27) 
Since M is an almost cosymplectic manifold, from [4.26] following statement is valid 
(Vxm)(Y) — (Vyn)(X) = 0. 
Also, we have 
(Vxm)(Y) = n(Vx€,Y) = 9(6X, oY). 
Thus 
(Vxm)¥ + (Vyn)X, 
for all X,Y € TM. Assume Vx¢Y = 0, for all X,Y € TM, from|3.9]we obtain 
VxoY =9(X, 6Y)E. (4.28) 
For cosymplectic manifold we have 
IV xPY,§) = Xn(PY) — g(Y, Vx€) = 0. 


On the other side we know g(V x ¢Y,&) = g(X, ¢Y) we realized that X is orthogonal to Im@ 
. From we have ¢?VxY =0, using [2.1] leads to 


VxY =(VXVY)E. 
Furthermore we have Vy X = n(Vy X )€, comparing last two equations we have 
[X,Y] =(VxY —VyX)E. (4.29) 
Now we have proved 


Theorem 4.1. Let M be a cosymplectic manifold with semi symmetric metric connection V. 


If there is vector fields X,Y € TM, such that VxY =0, then 
o([X,Y]) =0. 


Proof. From the proof is trivial. 
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CHARACTERISTICS OF LIGHTLIKE HYPERSURFACES OF 
TRANS-PARA SASAKIAN MANIFOLDS 


MOHD DANISH sIDDIQh®} 


ABSTRACT. In this research article, we study three lightlike hypersurfaces of trans-para 

Sasakian manifolds with a quarter-symmetric metric connection: (1) re-current, (2) Lie re- 
current and (3) Hopf-lightlike hypersurface. Also, we discuss some properties of a screen 
semi-invariant lightlike hypersurface of trans-para Sasakian manifolds with a quarter-symmetric 
metric connection. Furthermore, we show that a conformal hypersurface is screen totally 
geodesic lightlike hypersurfaces. Finally we prove the integrability conditions for the dis- 


tributions of screen semi-invariant lightlike hypersurface of a trans-para Sasakian manifold 
with a quarter-symmetric metric connection. 


1. INTRODUCTION 


In 1975, S. Golab initiated the study of a quarter-symmetric connection in a differ- 
entiable manifold. 


A linear connection V on an n-dimensional Riemannian manifold (M, g) is called a quarter- 


symmetric connection if its torsion tensor T of the connection V 


T(X,Y) =VxY —VyX — [X,Y] 
satisfies 


(1.1) 
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T(X,Y) = (Vex — n(X)eY, (1.2) 


where 77 is a 1-form and y is a (1,1) tensor field. 

In particular, if p(X) = X, then the quarter-symmetric connection is reduces to the 
semi-symmetric connection [9]. Thus the notion of a quarter-symmetric connection is the 
extension of the semi-symmetric connection. Moreover if, a quarter-symmetric connection V 


satisfies the condition 
(Vxg)(Y, Z) =0 (1.3) 


for all X,Y,Z € T(M), where T(M) is the Lie algebra of vector fields of the manifold M, 
then V is said to be a quarter-symmetric metric connection. Otherwise it is said to be a 
quarter-symmetric non-metric connection. 

After S. Golab [11], numerous geometers (see [16], [24], [25], [2]) continued the systematic 

and specific study of a quarter-symmetric metric connection with various structures in sev- 
eral ways to a different extent . 
The differential geometry of lightlike hypersurfaces is one of the most specific topic in the 
theory of lightlike submanifolds. Lightlike hypersurfaces have several significant applications 
in mathematical physics [4], electromagnetic [5], black hole theory [3], string theory and 
general relativity [10]. A submanifold of a semi-Riemannian manifold is called a lightlike 
submanifold if the induced metric is degenerate. In 1996, K. L. Duggal, A. Bejancu estab- 
lished the conception of lightlike submanifolds of almost contact metric manifolds [5]. 

Also kK. L. Duggal with B. Sahin and others geometers have further developed this concept 
and studied many new classes of lightlike submanifolds (for more details see [I], [6], [7], [8], 
). 

Furthermore, K. L. Duggal and R. Sharma [9] also studied some properties of semi- 
Riemmnain manifold with a semi-symmetric metric connection. They proved that these 
geometric results have many physical applications in real world. 

Inspired by the above studies others geometers like D. H. Jin have been exclusively studied 
on lightlike hypersufaces with respect to the different connections such as semi symmetric 
metric and quarter-symmetric metric connection (cf. [17], [18], [19], [20], [21], [22]). 

On the other hand, in 1985, 5. Kaneyuki and M. Konzai initiated the study of a 


para-complex structure and almost para-contact structure on a semi-Riemannian manifold. 
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5S. Zamkovoy has extensively studied para contact metric manifolds after that there 
are many papers discussed the contribution of para-contact geometry of a semi-Riemannian 
manifolds (|27| [28]. In 2019, S. Zamkovoy also introduced the geometry of trans-para- 
Sasakian manifolds. An almost contact structure on a manifold M is called a trans-Sasakian 
structure if the product manifolds M x R belongs to the class W4 [12]. In ({14J, [15]), J. C. 
Marrero and D. Chinea are completely characterized trans-Sasakian structures of types (a, 3). 
We note that the trans-Sasakian structures of type (a,0), (0,() and (0,0) are a-Sasakian 
[12], G-Kenmotsu [14], and cosympletic [14], respectively. In [27], S. Zamkovoy consider 
the trans-para-Sasakian manifolds as an analogue of the trans-Sasakian manifolds. A trans- 
para-Sasakian manifolds is a trans-para-Sasakian structure of type (a, 3), where a and £ are 
smooth functions. The trans-para-Sasakian manifolds of type (a, (3), are called para-Sasakian 
manifolds (a = 1), para-Kenmotsu manifolds (3 = 1) and para-cosympletic manifolds 
a= P= 0), 

Motivated by the above research articles, we consider the three types of lightlike hy- 
persurfaces of trans-para-Sasakian manifolds with respect to the quarter-symmetric metric 


connection in the present framework. 


2. PRELIMINARIES 


A (2n + 1)-dimensional smooth manifold M has an almost paracontact structure (y, €, 7) 
if it admits a tensor field y of type (1,1), a vector field € and a 1-form 7 satisfying the 


following compatibility conditions 


yX=X-7(X)&, v(E)=0, nop=0, n(Q)=1. (2.4) 


The distribution D: p € M —> D, C T,M: Dy = Kern = {X €T,M :7(X) = 0} is 
called a paracontact distribution generated by 7. 

By the definition of an almost paracontact structure the endomorphism vy has rank 2n. 

If a (2n+1)-dimensional manifold M with (y, €,7) structure admits a pseudo-Riemannian 


metric g such that 


g(PX, PY) = —G(X,Y) + 7(X)n(Y), (2.5) 


where X,Y € T(M) then we say that M has an almost paracontact metric structure with 
compatible metric g. Any compatible metric g with a given almost paracontact structure 


with signature (n+ 1,n). Note that setting Y = €, we have n(X) = g(X,€). Further, any 
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almost paracontact structure admits a compatible metric. 


Definition 2.1. An almost paracontact metric manifold (M,p,n,&,g) is said to be a para- 
contact metric manifold if (g(X,~Y) = dn(X,Y), where dn(X,Y) = $(Xn(Y) — Yn(X) - 


n([X,Y]) and 7 is a paracontact form. 


A paracontact structure on M naturally gives rise to an almost paracomplex structure 
on the product M x R. If this almsot paracomplex struture is integrable, then the given 
paracontact metric manifold is said to a para-Sasakian (see [20]). A paracontact metric 


manifold is a para-Sasakian if and only if 
(Vxy)¥ = —-GX,Y)E + (¥)X. (2.6) 


The manifold (M, », €,7,g) of dimension (2n + 1) is said to be trans-para-Sasakian manifold 


if and only if 
(Vxp)¥ = a(—-g(X, Y)E+ n(VY)X) + (G(X, YE + n(Y )pX). (2.7) 


From (2.7), we also have 


Vxé = —apX — B(X — 7(X)é). (2.8) 
Now, we have the following lemma [I7] 


Lemma 2.1. Let (M, 9,7, &,g) be a trans-para-Sasakian manifold. Then we have 


R(X, YE = —(a? + B)[n(¥)X — n(X)Y], (2.9) 
R(E,Y)Z = —(a” + B)[g(Y, Z)E — 0(Z)X], (2.10) 
S(X,€) = —2n(a* + 6?)n(X), (2.11) 

(Vxn)Y = ag(X, eY) — B(g(X,Y) — n(X)n(¥)), (2.12) 


for all X,Y,Z € T(M), where R is a Riemannian curvature tensor and S is a Ricci curvature 


tensor. 
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3. QUARTER-SYMMETRIC METRIC CONNECTION 


In this section, we express few tensorial relations for a trans-para Sasakian manifold with 
quarter-symmetric metric connection. 
Let V be a linear connection and V be the Levi-Civita connection of a almost paracontact 


metric manifold M such that 
VxY =VxY + H(X,Y), (4:13) 


where H is a (1,1)-tensor type. For V to be a quarter-symmetric metric connection in M, 


we have 
H(X,Y) = SE(X, Y)+7 (X,Y) +T'(Y,X)], (3.14) 
where 
g(T (X,Y), Z) = 9(T(Z, X)Y). (3.15) 
From and (3.15), we find 
T'(X,Y) = (X)p¥ — g(pX, YE. (3.16) 
Using and in (3.14), we arrive at 
A(X,Y) = (VY )pxX — (eX, VE. (3.17) 


Therefore, a quarter-symmetric metric connection V in a trans-para Sasakian manifold is 


given by 
Vx¥ =Vx¥ £n(V)pX — (eX, VDE. (3.18) 


Now, using (3.18), (2.7) and (2.8), we obtain the following results: 


Theorem 3.1. Let M be a trans-para Sasakian manifold with a quarter-symmetric metric 


connection. Then 


(Vxp)¥ = (1— a) {9(X, YE — (V)X} + B{9(X, oY )E + (Vp X} (3.19) 


Vx€ = (1—a)pX — B(X — n(X)é). (3.20) 
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4. LIGHTLIKE HYPERSURFACES 


Let M be a semi-Riemannian manifold with index r, 0 < r < 2n+1 and M bea 
hypersurface of M, with induced metric g = g. M is a null hypersurface of M if the metric 
g is of rank 2n — 1. The orthogonal complement TM of the tangent space TM , given as 


TM = {Xp ETM+ : 9,(Xp,¥p) =0,V Yp r(TpM)} 


is a distribution of rank 1 on M. If TM+ c TM and then coincides with the radical 
distribution Rad(TM) such that 


Rad(TM) =TMATM-. (4.21) 


A complementary bundle of TM+ in TM is a non-degenerate distribution of constant rank 
2n — 1 over M. It is known as a screen distribution and denoted by S(TM). 

Let (M,g,5(0'M)) be a lightlike hypersurface of a semi-Riemannian manifold M. Then 
there exists a unique rank over subbundle tr(T’M) called the lightlike transversal vector 
bundle of of M with respect to S(7M), such that for any null section € of Rad([M) on 


coordinate neighborhood U of M, there exists a unique section N of tr(T’M) on U satisfying 
AN,X)=0, g(N,N)=0, gW,£) =1 VX €T(S(TM)) (4.22) 
Then, we have the decomposition on the tangent bundle 


TM = S(TM)LRad(TM), (4.23) 


TM =TM @tr(TM) = S(TM) 1 {Rad(TM) Gtr(TM)}. (4.24) 


Let P : TM —+ S(TM) be the projection morphism. Then, we have the local Gauss- 
Weingarten formulas of M and S(TM) as follows 


VxY =VxY+B(X,Y)N, (4.25) 
VxN = —-AnX + VEN, (4.26) 
VxPT = VXPY + C(X, PY)E, (4.27) 
Vx = AEX — 7(X)E (4.28) 


for any X,Y € T(TM), where V is a linear connection on M and V* is a linear connection on 


S(1M) and B, Ay and 7 are called the local second fundamental form on T(M )respectively. 
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It is well know that the induced connection V is quarter-symmetric non-metric connection 


and we get 


(Vxg) = B(X,Y)n(Z) + BUX, Z)n(Y), (4.29) 


T(X,Y) = (X)¥ —oV)X. (4.30) 


where T is the torsion tensor with respect to the induced connection V on M, B is symmetric 
on T(M) and 7(X) = g(X, N) is a differential 1-form on TM. 


For the second fundamental form B, we have 
B(X,6)=0 (4.31) 
The local second fundamental forms are related to their shape operators by 


B(X,PY) =9(AiX,PY),  g(AEX,N) =0, (4.32) 


C(X, PY) = g(AnX, PY), g(An xX, N) =0. (4.33) 
From (4.32), Ag is a S(TM)-valued real self-adjoint operator and satisfies 
Agé = 0. (4.34) 


5. SCREEN SEMI-INVARIANT LIGHTLIKE HYPERSURFACES 


This segment deal with screen semi-invariant lightlike hypersurfaces of a trans-para Sasakian 
manifold equipped with a quarter-symmetric metric connection. 

Let M be a lightlike hypersurface of a trans-para Sasakian manifold M with € € T(TM). 
If € is a local section of [Rad(T'M), then 


9( PE, €) = 0, (5.35) 


and y€ is tangent to M. Therefore, we obtain a distribution y(Rad(TM)) of dimension 1 
on M. 
If 


p((tr([M)) =(tr(£[M), and vy(Rad(TM)) = Rad(TM), (5.36) 


then lightlike hypersurface M is called a screen semi-invariant lightlike hypersurface of M 


0). 
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Since M is a screen semi-invariant lightlike hypersurface 


g(pN,N) =0 (5.37) 
APN, £) = —G(N, vp) = 0. (5.38) 
g(N,€) =1 (5.39) 
from (2.5), we obtain 
g(v§, pN) = -1. (5.40) 


Therefore, y(Rad(T'M))  y(tr(LM)) is a non-degenerate vector subbundle of screen distri- 
butions S(TM). 

Now, since (7M) and y(Rad(T'M)) 6 y(tr(T'M)) are non-degenerate distribution Do such 
that 


S(TM) = Dol {y(Rad(TM)) @ y(tr(TM))}. (5.41) 


Therefore, y(Do) = Do and € € Do. In view of (4.23), (4.25) and (5.41) we obtain the 


followings 


TM = Dol {p(Rad(TM)) 6 y(tr(TM))} LRad(TM) (5.42) 


TM = Dol {p(Rad(TM)) @ y(tr(TM))} | {Rad(TM) G6 tr(TM)}. (5.43) 
Now, we take D, = Rad(TM)1y(Rad(TM))1Dpo and Dz = y(tr(T'M)) on M, we get 
TM = D,6 Dy. (5.44) 


Let the local null vector fields V = y& and U = ~N and denote the projection morphism of 
TM into D; and Dz by P; and P, respectively. Therefore , for X € T(T/M) ,we have 


X=PiX + PX, PX = u(X)U, (5.45) 
where wu is a differential 1-form locally defined by 
u(X) =—g(~é,X), and v(X)=—g(pN,X). (5.46) 


Operating y on X, we get 


pX = (Pi X)+u(X)N. (5.47) 
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If we put pX = y(P,X) in above relation, we obtain the following: 
pX =wX +u(X)N, 


where w is a tensor field defined as w = yo P, of type (1, 1). 
Again operating w to (5.48), we get 


w'X =X—0(X)E—u(X)(U),  w(U) = 1. 
Replacing Y by € in (4.25) with (3.19) and (5.48), we have 


Vx = (1—a)wX + B(X — (X)&), 


B(X,€) = (1—a)u(X). 
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(5.48) 


(5.49) 


(5.50) 


(5.51) 


From the covariant derivative of g(§, N) = 0 in terms of X with (3.19), (5.49) and (4.33), we 


obtained that 
C(X, §) = (1 — a)u(X) + Bn(X). 
Now, from (4.23) comparing the different components, we get 


(Vxw)Y = (1—a)[g(X, Y)E—(VY)X] + Blo(X, yY)E + (VY )wX] 


(Vxv)¥ = 0(¥ )r(X) + g(AnX,wY) + [1 — a)n(X) + Bo(X)|nY), 


VxU = w(AnX —7(X)U + [(1— a)n(X) + Bo( XIE, 


VxV = w(ApX) — 1(X)U + Bu(X)E, 


where U and V are the structure tensor fields on M. 


(5.52) 


(5.53) 


(5.54) 


(5.55) 


(5.56) 


(5.57) 


(5.58) 


118 M. D. SIDDIQI 


6. RE-CURRENT SCREEN SEMI-INVARIANT LIGHTLIKE HYPERSURFACE 


Now, we give the following definition 


Definition 6.1. Let M be a screen semi-invariant lightlike hypersurface of trans-para Sasakian 


manifold M and yp be a1-form on M. If M admits a re-current tensor field w such that 
(Vxw)Y = u(X)wY (6.59) 
then said to be recurrent {9}. 


Theorem 6.1. Let M is a re-current screen semi-invariant lightlike hypersurface of a trans- 


para Sasakian manifold M with a quarter-symmetric metric connection. Then 


(1) a=1, B=0i.e., M is a para-Sasakian manifold, 


(2) w is parallel with respect to the induced connection V on M, 


(3) AnX = —p(X)U — o( X)§ 


(4) AEX = —p(X)V — u(X)E. 


for all X,Y €TT(M). 


Proof. (1) From (5.53), we have 


UX)wY = (1—a)(g(X, VY)E— (Y)X) + Bg(X, oY )E + (VY )wX) (6.60) 


+B(X,Y)U +u(Y)AnX. 
Setting Y = € in and using (2.4), we obtained that 
(l—a){X — n(X)E+ u(X)U} + BwX =0. (6.61) 
Putting X = € in and using the fact that w = V, we have 
(1—a)é+ BV =0. (6.62) 
Taking the scalar product with N and U to the above equation, we get 


a=1, 6=0. (6.63) 
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Therefore, M is a para-Sasakian manifold with a quarter-symmetric metric connection and 


we arrive at (1). 


(2) "Taking Y = £ to and in view (4.32) and (5.46), we get 
w(X)V = —g(X, €)€. (6.64) 


Taking inner product of U it follows that = 0. Thus, w is parallel with respect to the 
connection V and we arrive at (2). 

(3) Now taking Y =U in and using the fact that u(X) = 0, we obtain (3). Similarly 
taking inner product V to (6.60), we get (4). 

Theorem 6.2. Let M be a re-current screen semi-invariant lightlike hypersurface of a trans- 


para Sasakian manifold M with a quarter-symmetric metric connection. Then D, and D2 


are parallel distributions on M. 


Proof. Taking inner product with V to (5.53) and in view of (6.59), we can write as 
B(X,Y) = u(Y)u(AnX). (6.65) 


Putting Y = V and Y = wZ in (6.65), we get 
B(X,Y)=0, and B(X,wZ)=0. (6.66) 


Now, from (5.48) and (5.57), we find for all Z € ['(Do), 


g(Vxé,V) = B(X,V), (6.67) 


g(VxZ,V)=B(X,wZ), g(VxV,V) =0. (6.68) 
From these equations and (6.66), we see that 
VxY €T(Di), VX EI(TM), VY €T(D)). 


and hence D, is a parallel distribution on M. 


On the other hand, setting Y = U in , we have 
B(X,U)U = AyX. (6.69) 
Using wU = 0 in (6.69), it is obtained that 


w(AyX) =0. (6.70) 
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Using this result and equation (5.56)) reduced to 
VxU =7(X)U. (6.71) 


It follows that 


VxU €T(Do), VX EI(TM), 


and hence Dg is a parallel distribution on M. 


Therefore immediate consequence of the above theorem and from equation (5.44), we have 


the following theorem 


Theorem 6.3. Let M be a re-current screen semi-invariant lightlike hypersurface of a trans- 
para Sasakian manifold M with a quarter-symmetric metric connection . Then M is locally 
a product manifolds Cg x M [23], where Cy is a null curve tangent to Dz and M is a leaf 
of the distribution Dy. 


Now, we have following 


Definition 6.2. [9] A lightlike hypersurface of semi-Riemannian manifold is said to be screen 


conformal if there exists a non-zero smooth function such that 
AnX =AVX or C(X,PY)=rB(X,Y). (6.72) 


Theorem 6.4. Let M be a re-current screen semi-invariant lightlike hypersurface of a trans- 
para Sasakian manifold M with a quarter-symmetric metric connection. Consider that M is 
a screen conformal lightlike hypersurface. Then M is either geodesic or screen totally geodesic 


if and only if X € (Do). 


Proof. Since M is screen conformal, from Theorem using relations (3) and (4), 
we get 
U(X)U + o(X)E = A(u(X)V + u(X)€). (6.73) 
Taking an inner product with V to (6.73), we have 
p(X) = 0. (6.74) 


So, by using relation (3), (4) and Theorem (6.1), we get the required assertion. 
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7. LIE RE-CURRENT SCREEN SEMI-INVARIANT LIGHTLIKE HYPERSURFACE 


This section starts with the following definition: 


Definition 7.1. [9] Let M be a screen semi-invariant lightlike hypersurface of a trans-para 
Sasakian manifold M with a quarter-symmetric metric connection and p be a 1-form on M. 


Then M is said to be Lie re-current if it admits a Lie re-current tensor field w such that 
(Lxw)Y = p(X)wY, (7.15) 
where Lx denotes the Lie derivative on M with respect to X that is 
(Lxw)Y = [X,wY] — [X,Y]. (7.76) 
If the structure tensor field w satisfies the condition 
Lxw =0, (7.77) 


then w is said to be Lie parallel. A screen semi-invaraint lightlike hypersurface M of a 
trans-para Sasakian manifold M with a quarter-symmetric metric connection is called Lie 


re-current if its structure tensor field w is Lie re-current. 


Theorem 7.1. Let M be a Lie re-current screen semi-invariant lightlike hypersurface of a 
trans-para Sasakian manifold M with a quarter-symmetric metric connection . Then the 


structure tensor field w is Lie parallel. 


Proof. In view of (7.76), (7.77) and (5.53), we get 


o(X)wY = —VuyX +wVyX +u(Y)AyX — B(X,Y)U (7.78) 


+(1— a)[g(X,Y)E — n(¥)X] + BgLX, YE + Bn(¥ )wX]. 
Putting Y = F in and by the use of (4.31), we have 
p(X)V = -VyX +wV ex — Bu(X)E. (7.79) 
Taking inner product with V to (7-79), we obtain 
g(VeX, V) =u(VpX) =0, and (VyX) = Bu(X). (7.80) 
Replacing Y by V in and using the fact that n(Y) = 0, we have 


O(X)E = —-V_pX +wVpX + B(X,V) +0 + (1—a)u(Xyeé. (7.81) 
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Applying w to the above equation, using (5.49) with (7.80), it is obtained that 
O(X)E=-VpX +wVypX +U + Bul XE. (7.82) 


Comparing the above equation with (7.79), we get p = 0. Therefore we arrive at w is 


Lie-parallel. 


Theorem 7.2. Let M be a Lie re-current screen semi-invariant lightlike hypersurface of a 
tans-para Sasakian manifold M with a quarter-symmetric metric connection. Then a = 1, 


B =0 and M is a para Sasakian manifold. 


Proof. Replacing X by U in and using (4.32), (4.33), (5.46), (5.53)-(5.56) and 


wU = 0 and wf = 0, it is obtained that 


u(Y ANU — w(AnwY) — ANY — T(wY)U (7.83) 


—av(Y)E + Bn(Y)E — an(Y)U = 0. 
Taking an inner product with € into (7.83) and using the fact that 


it is obtained that (1 — a)v(Y) = 0 and 6n(Y) = 0, and hence a = 1, 8 = 0. That is, M is 


a para Sasakian manifold. 


Theorem 7.3. Let M be a Lie re-current screen semi-invariant lightlike hypersurface of a 
trans-para Sasakian manifold M with a quarter-symmetric metric connection . Then the 


following statements are holds: 
(1) 7 = Bn on TM, and 
(2) AU =0, and AzV =0. 
for all X,Y €T(M). 
Proof. Taking inner product with N to (7.79) and using, (4.33), we have 
_9(VvX,N) + 9(VyX, 0) = Bn(Y)u(X), (7.84) 
since a = 1 in (7.84). Replacing X by € in (7.84) and using (4.28) and (4.32), we get 


B(X,U) =7T(wX). (7.85) 
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Taking X = U and using (5.58) and wU = 0, we have 
OO ,V)=BU0,0) = (7.86) 


taking the inner product with V in and using (4.32), (5.58), (7.86), and a = 0, it is 


obtained that 
B(X,U) = —T(wX). (7.87) 


Comparing the above equation with (7.81), it is obtained that T(wX) = 0. 


Replacing X by V in and using (5.57), we have 

B(wY,U) + Bn(Y) =7(Y). (7.88) 
Taking Y = U and Y = € and using wU = wé = 0, it is obtained that 

mU) =U, T(E) =—8. (7.89) 


Setting X = wY to rwX) = 0 and using (5.49) and (7.89), we get r(X) = —6n(X). Thus 


we have (1). 
As T(wX) = 0, from (4.32) and (7.84), we have g(AZU, X) = 0. The non-degeneracy of 
S(TM) implies that A%U = 0. Putting X by € to (7.80) and using 4.34) and T(wX) = 0, 


then we obtained A¢V = 0, thus we arrive at (2). 


8. SCREEN SEMI-INVARIANT HOPF LIGHTLIKE HYPERSURFACE 


Definition 8.1. Let M be a screen semi-invariant lightlike hypersurface of a trans-para 
Sasakian manifold M and U be a structure tensor field on M. The structure tensor field U 


is called principal if there exists a smooth function o and X € (TM) such that 
AX = aU. (8.90) 


A screen semi-invariant lightlike hypersurface M of a trans-para Sasakian manifold M is 


called a Hopf lightlike hypersurface if it admits principal vector field U € (M) [9]. 


If we consider (8.90), from (4.32) and (5.46), we obtain 
B(X,U) =—ov(X), and C(X,V)=-—ou(X). (8.91) 


Now, we have the following theorems 
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Theorem 8.1. Let M be a screen semi-invariant Hopf lightlike hypersurface of a trans-para 
Sasakian manifold M with a quarter-symmetric metric connection. If M is screen totally 


umbilical then k = 0 and M is a screen totally geodesic null hypersurface for X,Y € TT(M). 


Proof. We know that M is screen totally umbilical lightlike hypersurface if there 
exists a smooth function f such that Ay X = fg(X,Y) or 


CIAL PY) =Jal(X,Y), (8.92) 


and f = 0, we say that M is a screen totally geodesic lightlike hypersurface. 


Therefore, in (8.92) replacing PY with V and use of (5.46) and (8.91), we find 
fu(X) = fu(X). (8.93) 


Putting X =U in (8.93) we obtain f = 0. So, we get Ay =0 =C and k =0=g(AnX,V). 


Therefore & = 0 and M is a screen totally geodesic lightlike hypersurface. 


Theorem 8.2. Let M be a screen semi-invariant Hopf lightlike hypersurface of a trans-para 
Sasakian manifold M with a quarter-symmetric metric connection. If V is a parallel null 


vector field then M is a Hopf lightlike hypersurface such that x = 0. 


Proof. Let us consider V is parallel null vector field, from (5.47) and (5.57), we find 


yp(AyX) — Bu(APX)N + 7(X)V. (8.94) 
Applying y to and in view of (2.4), we have 
OX — Bu(AEX)U +7(X)E =0. (8.95) 
Taking inner product with N to (8.95), we get at 7 = 0, which yields 


~X = Bul(APXU. (8.96) 


Therefore, we can say that M is a Hopf lightlike hypersurface. If we take inner product with 


U to (8.96), we find «(X) = 0 = B(X,U). 
9. INTEGRABILITY OF SCREEN SEMI-INVARIANT LIGHTLIKE HYPERSURFACE 


This section explores the integrability conditions for the distributions engage with the 
screen semi-invariant hypersurface of a trans-para Sasakian manifold with a quarter-symmetric 


metric connection : 
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We note that X € Dy, if and only if u(X) = 0. Now from (5.54), we have for all 
X,Y €T(TM). 


u(Vy X) = VxulY) + u(Y)r(X) — B(X,wY) + Bn(Y)u(X) (9.97) 
from which we get 


u([X,Y]) = B(X,wY) — BWwX,Y) + Vxu(Y) — Vyu(X) (9.98) 


+u(Y )r(X) — u(X)r(Y) + Bn(¥ )u(X) — Bn(X)u(Y). 
Let X,Y € D,. Then u(X) =0=u(Y), and from the equation (9.98) we get 
u([X,Y]) = B(X,wY) — BlwX,Y), 


for all X,Y € D,. Thus we obtain a necessary and sufficient condition for the integrability 


of the distribution Dj, in the following: 


Theorem 9.1. Let M be a screen semi-invariant lightlike hypersurface of a trans-para 
Sasakian manifold M with a quarter-symmetric metric connection . Then the distribution 


Dy, is integrable if and only if 
B(X,wY) = B(WwX,Y), X,Y €T(D}). (9.99) 


As a consequence of the theorem (9.1), we obtain a results based on radical anti-invariant 


lightlike hypersurface of trans-para Sasakian manifolds: 


Theorem 9.2. Let M be a radical anti-invariant lighthke hypersurface of a trans-para 
Sasakian manifold M with a quarter-symmetric metric connection. Then the screen dis- 


tribution S([TM) of M is an integrable distribution if and only if 
BX, wY) = B@X,Y). (9.100) 
Now, we find a necessary and sufficient condition for the distribution D2 to be integrable. 


Theorem 9.3. Let M be a screen semi-invariant lightlike hypersurface of a trans-a Sasakian 
manifold M with a quarter-symmetric metric connection . Then the distribution Dz is inte- 


grable if and only if 


An€+(1—a)U + Bw =0 (9.101) 
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Proof. It is Noted here that X € Dp if if and only if pX =wX =0. Now for all 
X,Y €IT (TM), in view of (5.53), we arrive at 


w(VxY) = Vxw(Y) —u(Y)AyX — B(X,Y)U (9.102) 


(1 — a)(g(X, YE -— n(Y)X) + BlG(X, YE + (VY wX). 


From (9.102), we get 


w([X, Y]) = Vxw(¥) — Vyw(X) + u(X)AnY — u(Y)AnX (9.103) 


+(1 — a)(n(¥)X — (XY) + B(n(Y)wX — (X)wY). 


In particular for X,Y € Do, we get 


w([X,Y]) = +u(X)AnY —u(Y)AyX + (1—a)(n(Y)X — n(X)Y) (9.104) 


+B(n(Y )wX — (X)wY). 


Setting X =U and Y = € and hence, Dz is integrable if and only if 


w(0, €] =0 (9.105) 


which, in view of (9.105), is equivalent to (9.101). 
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CONTRIBUTION TO NULL KILLING MAGNETIC TRAJECTORIES 


GOZDE OZKAN TUKEL ©} AND TUNAHAN TURHAN © | 


ABSTRACT. We analyze null magnetic trajectories of a magnetic field on a timelike surface 
in Minkowski 3—space E?. We show that the Lorentz force can be written into the Darboux 
frame field of a null trajectory on the surface. We give the necessary and sufficient condition 
for writing a null curve as the magnetic trajectory of the magnetic field. After creating a 
variation, we derive the Killing magnetic flow equations with regard to the geodesic curva- 


ture, geodesic torsion and normal curvature of the curve y on the timelike surface. Finally 


we examine the geodesics of some timelike surfaces in E}. 


1. INTRODUCTION 


Any magnetic vector field is known divergence zero vector field in three- dimensional 
spaces. A magnetic trajectory of a magnetic flow created by magnetic vector field is a curve 
called as magnetic. Although the problem of investigating magnetic trajectories appears to 
be physical problem, recent studies show that the characterization of magnetic flow in a mag- 
netic field have brought variational perspective in more geometrical manner. In particular, 


magnetic curves have been developed by techniques of differential geometry and methods of 
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calculus of variation from basic spaces to manifolds because the Lorentz force equation is 


a minimizer of the functional £ : > R defined by 
1 ! ! ! 
L(y): 5 J (ys7) dt +u (7) dt, 
7 


where [ is a family of smooth curves that connect two fixed point of U, 7 is a curve choosing 
from T and w is a potential 1—form. The Euler-Lagrange equation of the functional L is 


derived as 
o(Y) = Vy, (1.1) 
where ¢ is the skew-symmetric operator. The critical point of the functional £ corresponds to 


a solution of the Lorentz force equation. So the solutions of the equations could be interpreted 


with a more geometric point of view [[i} [13]. 


In this work we consider null Killing magnetic trajectories on a timelike surface S in 


Minkowski 3—space E?. Also, we get equation of the Lorentz force by using the Darboux 


frame field of a null magnetic curve on the such surface and give equations of the Killing 


magnetic flow by means of the structures of a magnetic vector field in E?. Then we apply 


this formulation to give results about magnetic curves on the pseudo-sphere and the pseudo- 


cylinder surfaces, so we show that geodesics of these surfaces are null magnetic curves. 


2. PRELIMINARIES 


We consider that a? denotes Minkowski 3—space with the inner product 


(u,W) = —U,W, + UW, + Us Ws 
which is a non-degenerate, symmetric and bilinear form and the vector product 


UX wW = (—U2W3 + UZzWe2, UZW1 — U1W3, U1W2 — U2W2) , 


where u = (u,,U,, U3), w = (w,,W,,w,) € E®. A vector wu in E? is called a spacelike vector 


if (u,u) > 0 or u = 0, a timelike vector if (u,u) < 0, or null (lightlike) vector if (u,u) = 0 


and u #0. A regular curve in ae is called spacelike, timelike or null, if its velocity vector is 
spacelike, timelike or null, respectively. A non-degenerate surface is named in terms of the 
induced metric. If the induced metric is indefinite, a non-degenerate surface is called timelike 


(92.2). 


We can assign a frame to any point of a null curve since we investigate the geometry of 


the curve. This frame is known as Cartan frame field along a null curve in E?. Let y = y(s) 
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be a null curve in ES. Let T denote a null vector field along y. So, there exists a null vector 
field B along ¥ satisfying (JT, B) = 1. If we write N = B x T, then we can obtain a Cartan 
frame field F = {T, N, B} along y. A Cartan framed null curve (y,F) is given by 


T(s)=7(s), N(s)=7"(s),  B(s) = -7'"(s) - ; <¥"(s),7"(s) > 7/(s) 


at a point 7(s), where 


(ae) = (B, B) = (T, N) = (N, B) = 0, 
(N,N) =(T,B) =1. 


We have the following derivative equations of the Cartan frame (generally knows as Frenet 


equations) 
is 0 1 0 T 
N |=] -K 0 -1 N |, 
B' 0 K O B 
where 


Biste} 


In order to study the geometry of a null curve on a timelike surface, we can construct a 
suitable frame, which is known the Darboux frame field, to any point of the curve. Let (7, F) 


be a null curve with frame F = {T, N, B} and S an oriented timelike surface in Minkowski 


3—space. The Darboux frame at 7(s) of 7 is the orthonormal basis {T,Q,n} of E?, where Q 
is the unique vector obtained by 


1 (V,V) 


= wn awn 


TY}; Ve Lys) M, (V, T) # 0, 
and n is the spacelike unit normal of S' which is defined by n = T x Q. So, we have 


(T,T) = (Q,Q) = (Q,n) = (T,n) = 0, 
ee ee ee 


The first order variation of {T,Q,n} is expressed as follow 


Q |= 0 -Kg Ty Q |; (2.2) 
Mo | —Kn ia | 
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where the functions ky, Kk, and T, are called the geodesic curvature, the normal curvature 
and the geodesic torsion of the curve y, respectively. From the comparison of Cartan and 


Darboux frames, we have 


kn = +1 (2.3) 
a. 


3. MAGNETIC VECTOR FIELDS 


The Lorentz force @ corresponding the magnetic field V is given by 


o(y)=Vx7¥. 


Oe is called magnetic curve of a magnetic field V if its tangent vector field 


A curve ¥ in 


satisfies 


Vuy =O(7)=Vxy¥. (3.4) 


The Lorentz force @ of a magnetic field F' in Ot is defined to be skew symmetric operator 
given by 
< $(X),Y >= F (X,Y) 


for vector fields X and Y. The mixed product of the vector fields X, Y and Z is given by 


<XxY,Z>=2(X,Y,Z), 


where 2 a volume on ES. So, the Lorentz force of the corresponding Killing magnetic force 
is given as ¢(X) = V x X, where V is a Killing vector field [13]. 


Then we can give the following proposition for the Lorentz force. 


Proposition 3.1. Let y be a null magnetic curve on a timelike surface S C EF and {T,Q,n} 
is the Darbousx frame field along y. Then the Lorentz force in the Darboux frame {T,Q,n} is 


written as follows 


o(T) = tT + kan, (3.5) 
$(Q) = —kgQ+wn (3.6) 

and 
o(n) = —wT — knQ, (3.7) 


where the function w(s) =< $(Q(s)),n(s) > associated with each magnetic curve is qua- 


sislope measured with respect to the magnetic vector field V. 
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Proof. The unit tangent vector to y at a point y(s) of y is T(s) = (s). Then from 


(tp, we have 


oll) =Verl=V xT. 
By using the Darboux formulas (2.2), we get 
@(L) = Kgl + Knn 
and 
<@(T),Q>=Kk, and <¢(T),n>=Kkn. 


Similarly, we can write the linear expansion of ¢(Q) ,¢(n) € S as follows 


6(Q) =< 6(Q),Q>T+ < 4(Q),T >Q+<4(Q),n>n 
and 
o(n) =< d(n),Q>T4+ < ¢(n),T>Q+<d(n),n>Nn, 


respectively. Taking into consideration Eqs. (3.4) and (3.5), we get 


<o(Q), 2 S=<V xX OP S=— SV 870 S= =< 0(7),0 =n 


and 


<o(n),T>=<Vxn,T>=—-<VxT,n>=— < d(T), n >= —kn. 


Since ¢ is a skew-symmetric operator, we get < 6(Q),Q >=< ¢(n),n >=0. 
Then by using Proposition 3.1 we can write the magnetic vector field according to Darboux 


frame on a timelike surface S' in the following. 


Proposition 3.2. A null curve y: IC R—- S is a magnetic trajectory of a magnetic field 


V if and only if V can be written along y as 
V =uT — knQ + kKgn. (3.8) 


Proof. Suppose that y is a null magnetic curve along a magnetic field V with the Dar- 


boux frame field {T, Q,n}. Then, V can writtenas V=<V,Q>T+<V,T>Q+<V,n>n. 
To find coefficient of V, we use the Lorentz force in Darboux frame equations (3.5}3.7): 


Y= £00). 0 S=< V0 xn >= V0 S; 


ky = =oOT) nh s= =< VX T SH eV. > 
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and 


R= OE) SH VE KO SH=< Vin. 


4. KILLING MAGNETIC FLOW EQUATION FOR NULL MAGNETIC TRAJECTORIES 


Let y : I — S be pseudo-parametrized null curve on a timelike surface in ES and Va 
magnetic vector field along that curve. One can take a variation of y in the direction of V, 
say a map 

T: [0,1] x (-e,e) — S$ 
(s, t) — I(s,t) 


which satisfies 


Pete. (Se). ay Gy daa (Se). hla 


We recall that a spacelike or timelike curve in E? can be reparametrize by an arclength. 


However, there would be not sense reparametrize by the arclength for a null curve y. However, 
it has pseudo arc-length parametrized a(s) = y(¢(s)), such that ||@’”(s)|| = 1, where ¢ is the 


differential function in suitable interval. Thus, we have the following equations: 


T(s,t) = (“e2)  =7(s), 


nosy = (< (B),(252), 2)" 


( see (9} [2.2]]) : 


By using above variational formulas, we have the following equalities (by similar method 


that of ye 


Lemma 4.1. We consider that y is a null curve on a timelike surface in ES and a magnetic 


vector field V is a variational vector field along the variation T. So we can give the following 


€XPTESSIONS; 
1 
Vi) = 258 <VrVrV,VrT >, (4.9) 
1 
Vig) = BVis VeVelVrVel >) =< VAG VeT =: (4.10) 


Proposition 4.1. (see [ay . Let V (s) be the restriction to y(s) of a Killing vector field, 


then 


V (8) =V(«) =0. (4.11) 


Thus, Killing magnetic flow equations can be given the following theorem. 
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Theorem 4.1. Let y be a null curve on S in Ee. Suppose that V = wT — knQ + Kgn is 
a Killing vector field along y. Then the magnetic trajectories are curves on S satisfying 


following differential equations 


bkg + CKn = 0 (4.12) 
and 
—a! + 2cT, + WK, — bk gk, = ChinKg + Ka! = br: (4.13) 
= Chink — KinTgb! + 2bkgknT, + c'Kgkn = 0, 
where 
a=W" + Qu! Kg + WK, — 2KGTy — KgT, 4 wre fats 
—WKnTg + Rats s 
b= —w t+ Ty — KgKn, 
C = 2! kn + WKgkn — KgknTg — KnTq + cee 
Proof. Assume that V is a Killing vector field along y on S. Along any magnetic 
trajectory 7, we have V = wT — k,Q + kgn. Using (2.3), we get 
VrV = (uw! + WKg — gta) T+ (Wkn = tate e Kg) n. (4.14) 
We calculate derivative of (4.14) as follows 
VEV = (w" + Qu kg + why — WkyTg — KgTy + WK? 
—KT, — WKnTg + iets) T+ (—w +4) - Ki Kn) Q (4.15) 
(20 Kn + Wig hin, — KgknTg = KnTg + Ky) n 
=aT+bQ+ cn. 
Substituting (4.15) into (4.9), we derive 
V (8) = bkg + cKy = 0. 
For variation of k, taking derivative of (4.15), we have, 
V2V = (al + ak, — cry) T + (0 — bk, — cK 
ch ( g a) ( g n)Q (4.16) 


+ (ak + btg + c')n. 


Substituting (4.16), and into (4-10), we obtain 


V (k) = —a! + 2erg + BK), — bhigk!, — Chink, + K2b' — be 
= CKinka = Ketel - 20R phate Cheha = 0. 


Definition 4.1. Any null curve on a timelike surface S is called the null magnetic trajectory 


of a magnetic field V if it satisfies the differential equation system and (4.13). 
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5. APPLICATIONS 


Magnetic trajectories on a timelike pseudo-sphere: We consider the timelike pseudo- 


sphere with radius r, 
St (r) = { (a1, £2, 23) € ES ray +25 + 23 = r*} : 


The geodesic torsion 7, vanishes for all curves on S?(r) and the normal curvature K2 = 1 


[12]. Then any null geodesic curve 7 on S?(r) is a magnetic trajectory of a magnetic field V 


if and only if V can be written along y as 


V=oeT+tQ, 


where w is a constant. 


Magnetic trajectories on a pseudo-cylinder: The pseudo-cylinder 


Ci (1) = { (@;9;2) € EY 


—o? +y? =1, zéR} 
is a timelike surface and parametrized by 
X (u,v) = (sinh s,cosh s,s) , 
where r is radius of the circle. Then for a null geodesic 
 (s) = (sinh s, cosh s, s) 


on C? (1), we have 


1 
Kg = 0, Kn = 1 and T= —5, 


(see (6 [12}). So, the null geodesic y on a pseudo-cylinder are magnetic trajectories of the 


magnetic field 


where w is a constant (see Fig (5.1)). 
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FIGurRE 1. A null magnetic trajectory on the pseudo-cylinder 
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